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ABSTRACT

Sensitivity of Quantum Electron Conductance to
Elastic Scatterers and to Spin-Orbit Scattering in

Gallium Arsenide Heterostructures

Steven Judson Klepper
Yale University
1991

"Universal" Conductance Fluctuations (UCF) are studied by measuring electron
magnetoconductance in micron-size wires fabricated from GaAs/AlGaAs heterostructures.
These aperiodic fluctuations in conductance arise from the complex quantum phase-
coherent scattering of conduction electrons from the particular impurity configuration of a
sample. Two experiments have been performed: one to study the sensitivity of UCF to
individual elastic scatterers, and the second to examine the effect of electron spin-orbit
scattering on UCF.

In the first experiment, elastic scatterers are introduced at a controlled rate into
heterostructure devices by infrared photoionization of DX centers in the doped AlGaAs.
Tonized DX centers are elastic scatterers of electrons in the two-dimensional electron gas.
A novel technique of UCF difference traces allows the quantitative study of changes in the
characteristic magnetoconductance fluctuations of a sample. These changes arise from
adding a small number of scatterers to a device. The amplitude and temperature
dependence of these conductance changes agree well with theory. For comparison, the
effect of changing the electrochemical potential in mesoscopic gated devices was examined.
The UCF decorrelation associated with changing gate voltage differs markedly from that

caused by elastic scatterer addition, allowing changes in the electrochemical potential to be



distinguished from those in the random scattering potential. One can also resolve switching
events in the device conductance due to the addition of individual elastic scatterers.

A second experiment studied the temperature dependence of magnetoconductance,
for fixed impurity configuration, from T = 60 mK to 7 K. Weak localization data show
that the spin-orbit (SO) scattering rate exceeds the phase-breaking rate below T=2K. A
significant reduction in the conductance fluctuation amplitude is observed, also below 2 K,
as compared to that extrapolated from higher temperatures. This reduction is due to SO
scattering. The amplitude and functional form of the UCF reduction factor for the
transition from the weak (high-T) to the strong (low-T) SO scattering regimes agree well
with theory. SO scattering also influences the magnetic correlation field for the UCF.
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CHAPTER 1. INTRODUCTION

1.1 Quantum Phase-Coherent Electron Transport

Intense experimental and theoretical attention has been devoted in the past decade to
the study of quantum mechanical corrections to the classical Drude conductance of metallic
devices. The definition of what is metallic includes normal metals, such as Au and Ag,
superconductors above their transition temperature, such as Al, and two dimensional
electron gases (2DEG) in semiconductors, such as Si metal oxide semiconductor field
effect transistors (MOSFETs) and GaAs/AlGaAs heterostructures. A metal is defined as
having an elastic mean free path of the conduction electrons, /, smaller than the sample
length L, which in turn is far smaller than the Thouless or Anderson localization length, &
(above which a conductor becomes an insulator due to quantum interference of conduction
electrons at defects). Quantum corrections to the Drude conductivity come about when
conduction electrons at low temperatures quantum mechanically interfere with one another.
Constructive and destructive interference of the conduction electrons leads to increases and
decreases in the device conductance. These quantum effects demonstrate the wave-like
nature of the electrons. The length scale which determines the importance of quantum
corrections is the phase coherence length, Lo, L has a two-fold significance to quantum
interference. For Universal Conductance Fluctuations (UCF) [Lee, Stone, and Fukuyama
(1987)], in which the interference of all electron Feynman paths contributes to the aperiodic
fluctuations, L scts the length scale over which the effect can be seen; the fluctuations
decay as a power law (nonexponential) of device size whenL > Lo For weak localization
(WL) phenomena [Bergmann (1984)], only special, time-reversed, electron paths
contribute; L, determines the number of paths which contribute, and thus the size of the

effect, but the WL magnetoconductance is observed in devices much larger than Lo Since
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Lo decreases with increasing temperature, most quantum interference effects are seen only
in the liquid helium range (T < 4 K).

Observation of the Aharonov-Bohm (AB) effect in single, micron-size normal metal
rings at low temperatures [Webb, et al. (1985); Chandrasekhar, et al. (1985)] provides
perhaps the best evidence for the importance of quantum interference. Electrons traversing
a small metal ring around either branch of the loop interfere with one another. Electrons are

phase shifted as they traverse the loop, due to a perpendicular magnetic field:

Ag = (';‘)j'A-dl : (L.1)

where A is the magnetic vector potential, and the integral is over the electron path. The
path integral measures the flux enclosed by the electron path; the electron phase is periodic
with the flux enclosed by the loop, with flux period (h/e). Two distinct AB effects are
observed (see Fig. 1.1). Atlow magnetic fields, oscillations in the device resistance with
period (h/2e) in the enclosed flux are observed. These fluctuations are destroyed by
moderate magnetic fields, or by the presence of magnetic impurities. Atall field scales,
magnetoresistance oscillations that are (h/e) periodic with magnetic flux are seen. The
(h/2¢) periodic oscillations arise from special sets of time-reversed electron paths, which
each fully traverse the loop back to the origin and interfere with one another. Since the area
enclosed by these paths is twice the loop area, their interference is tuned from constructive
to destructive and back, by varying the average Ag from 0 to 2x, with a flux enclosed by
the single loop of just (h/2e). These time-reversed paths are analogous to the weak
localization effect mentioned earlier. Hence the (h/2e) effect shows the same sensitivity to
magnetic field as does the WL effect. The (h/e) periodic AB oscillations, on the other
hand, arise from the complex interference of all sets of electron Feynman paths traversing

the device. Since these paths on average enclose the loop area once, the interference is
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Solid-state analog of the Aharonov-Bohm effect. (Top) non-time-reversed
paths which contribute to the (W/e)-periodic magnetoresistance oscillations;
(middle) time-reversed paths which contribute to the (h/2¢)-periodic
oscillations [Rooks (1987b)]. (Bottom) data from an Au ring, SE2,
showing (h/e)-periodic oscillations [Chandrasekhar (1989)].
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tuned from predominantly constructive to destructive and back in a flux period of (h/e); the
magnetoresistance shows these periodic fluctuations. An analogy can be drawn between
the (h/e) periodic AB effect and the UCF aperiodic magnetoresistance seen in small wires.
The device ring geometry forces the (h/e) periodicity of this contribution to the
magnetoresistance. Just as in the case of UCF, the (h/e) AB effect persists to high
magnetic fields. Data from a micron-diameter Au ring is displayed in Fig. 1.1.

This discussion of the solid state Aharonov-Bohm effect provides a convenient
picture of the various quantum interference mechanisms. Weak localization effects in
conductance are well understood, and are used as a tool for measuring quantum
interference length scales, such as Lg. Universal Conductance Fluctuations (UCF) have
also been extensively investigated, but several important issues in this field have not yet
been fully addressed. It is the aim of this dissertation to clear up two key issues remaining
in the study of UCF phenomena. One topic is the effect of individual elastic scatterers on
the UCF of a small metallic sample. The second issue is the effect of electron spin-orbit
scattering on these aperiodic conductance fluctuations. By addressing and answering these
questions, it is hoped that the present work will help to close the book on standard UCF
phenomena in the diffusive regime of electron transport, and to open the way for

investigations of analogous effects in different physical systems.

1.2 Mesoscopic Devices

A term frequently used to describe quantum interference phenomena in small
metallic systems is the expression "mesoscopic”. This term was popularized by Imry
(1986), and denotes physical systems which are smaller than macroscopic but larger than
microscopic. Physical phenomena in such systems are not properly treated by the classical,
or ensemble, averaging of statistical mechanics which applies to bulk systems at high

temperatures. Neither can the behavior of such systems be well described microscopically,



such as in atomic physics, by writing equations for the energy levels of all constituents;
this would prove too daunting a task for a system containing millions of atoms and
clectrons. The techniques of quantum statistical mechanics and Green functions, or of
numerical simulations, provide the key to the theoretical treatment of this intermediate
regime of sample size. In the discussion that follows, we will use the term "mesoscopic”
rather loosely to signify several things. By mesoscopic devices we shall mean devices in
which sample specific quantum interference effects such as UCF are observed at low
temperatures. In other situations, mesoscopic will be used to denote samples which are
sufficiently small, typically no more than several microns (jtm) in dimension, to be
comparable to the electron phase coherence length, Lo, at liquid helium temperatures (T <4
K). What size scale is mesoscopic depends on what effect is being observed. Predictions
by Feng, Lee, and Stone (1986) indicate that UCF-related 1/f noise in fairly large metallic
thin films might persist even to room temperature [Stone (1989)]. Mesoscopic will usually

mean for us a device that is "small", a few pm or less in length.

1.3 Universal Conductance Fluctuations

The phenomenon of Universal Conductance Fluctuations (UCF) is well-established
in micron-scale device physics [Lee, Stone, and Fukuyama (1987)]. Atlow temperatures
in semiconductors and normal metals, an electron may undergo many elastic collisions
before suffering a single quantum mechanical phase-changing scattering event, such as that
due to inelastic electron-electron or electron-phonon scattering. For devices smaller than
Lg, electron transport is characterized by phase coherent effects such as UCF. UCF are
aperiodic oscillations in conductance as a function of magnetic field [Umbach, ez al.
(1984)], or of Fermi energy (in a semiconductor two-dimensional electron gas) [Kaplan
and Hartstein (1986)], due to the phase-coherent scattering of conduction electrons from a

random distribution of impurities. This scattering results in a "reproducible noisc"
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signature in the conductance which is time-independent; the signature changes when defects
are rearranged, through thermal annealing for example.

1.3.1 Single Elastic Scatterer Addition

A year after the original theoretical work on UCF appeared, and two years after the
original experimental observation of the phenomenon, Feng, Lee, and Stone (FLS) (1986),
and independently Al'tshuler and Spivak (1985), made a dramatic prediction. They
observed that the motion of a single strong scattering site could result in complete
rearrangement of the electron interference, and thus could change the device conductance
on average by the full quantum value (¢2/h). That impurity motion could affect
conductance, which is proportional to electron transmission, might not appear surprising to
someone familiar with classical wave phenomena [Feng and Lee (1991)]. The large and
universal size of the predicted effect is, however, remarkable.

There are several important features to our work. For the first time the scattering
configuration in a device has been altered to a known extent. The physical system of the
GaAs/AlGaAs heterostructure presents unique opportunities for the observation of quantum
interference effects. Each physical parameter which enters into the theoretical expression
for 8G; is accessible to direct measurement. In their original work on the sensitivity of
UCEF 1o single impurities, FLS suggested possible means of verifying their results. They
proposed the study of a small wire containing radioactive impurity atoms which
occasionally B-decay. A B decay would alter the charge state of the nucleus, and alter the
random scattering potential at that point. Discrete conductance switches associated with
each B emission should be seen. Such a measurement would be well rewarded, since a
true average value of G could be obtained, at any temperature and at any magnetic field,
by averaging the effects of many such distinct switching events. Additionally, the exact
nature of the defect, and of the change to the random potential which causes the



conductance switching, would be known. Our work follows the spirit of this proposed
experiment, with one additional advantage: the change in the scattering configuration is not
spontaneous; in our measurements the time and amount of alteration in the scattering
configuration is under the control of the experimenter.

A new experimental and analytical technique, that of conductance fluctuation
difference traces, is employed in this research. By averaging the conductance changes
induced by a rearrangement of scattering configuration over many magnetic field values,
we obtain the true root-mean-square (rms) value for the fluctuation amplitude. We are able
to use this difference trace method, and also to study the correlation between UCF traces
for different scattering configurations, because the GaAs/AlGaAs heterostructure system
does not exhibit spontaneous changes in its random scattering potential. The sample
conductance is steady in time, displaying noise only at the level of the measurement
system, until change is induced by illuminating the device with infrared (IR) radiation.

Both the phenomenon of persistent photoconductivity and that of sensitivity of
device conductance to single impurities have been widely studied in recent years. Despite
this intense interest, many unresolved issues have lingered. No work to find the average
effect of impurity configuration on device conductance has been carried out. Observations
of conductance switching far larger than understood by theory remain unexplained
[Beutler, et al. (1987)]. Controversy persists about the exact nature and physical structure
of DX centers in AlGaAs [Mosser, ez al. (1991)]. Our experiments offer the first definitive
understanding of the effect of elastic scattering configuration on conductance in a
mesoscopic system. By combining the mechanism behind persistent photoconductivity
with quantum interference studies, our work potentially offers a new route for resolving the
disputes that exist in the field of DX centers. The understanding of conductance sensitivity
to scattering configuration gained in our experiments may make it possible to design future
experiments to study recent theoretical work on the topic.



1.3.2 Effect of Electron Spin-Orbit Scattering

Electron spin-orbit (SO) scattering, by changing the spin symmetry of the
transmission matrices which describe electron transport through a disordered sample, has a
profound influence on UCF phenomena in mesoscopic devices. At zero magnetic field, the
presence of SO scattering changes the symmetry of the random transmission matrices from
that of an orthogonal to that of a symplectic ensemble [Stone (1989); Al'tshuler and
Shklovskii (1986)]. At moderate magnetic fields, electron transmission matrices have the
symmetry of a unitary ensemble; strong electron SO scattering breaks the spin degeneracy,
or Kramers degeneracy, of these matrices. Each of these symmetry transitions due to
strong SO scattering reduces the amplitude of the UCF by a factor of 2 (or reduces the
variance of conductance G by a factor of 4). The effect of SO scattering has been observed
before only by comparison of data from devices with weak SO scattering to that of samples
exhibiting strong SO scattering.

In our experiments, we continuously vary the SO scattering strength in a single
device by varying the temperature. In our GaAs/AlGaAs heterostructures, the spin-orbit
scattering length Lo is comparable to the phase coherence length Ly atabout T=2 K.
Since the SO length is temperature independent, the strength of SO scattering relative to the
phase coherence length can be varied by changing T, and therefore by changing the
temperature-dependent L. We can thus tune the strength of SO scattering continuously in
a single device, and observe the attendant effects on UCF. The reduction of UCF
amplitude described by theory is readily observed in these devices.

The GaAs/AlGaAs heterostructure system presents us with the opportunity to
continuously alter both the random impurity configuration and the strength of electron SO
scattering. This power allows us to experimentally observe effects on device conductance

central to quantum interference phenomena in disordered metallic systems.



CHAPTER 2. THEORY OF ELECTRON QUANTUM
TRANSPORT

Theoretical work on strongly localized transport by Anderson et al. (1979;1980)
spurred interest in cormrections to the classical Drude conductance due to electron quantum
phase coherence. Over the past decade, experimental and theoretical efforts have evolved
from studies of weak localization in reduced-dimensional systems [Bergmann (1984)], to
the search for the solid state analog to the Aharonov-Bohm effect in micron-size ring
geometries [Washburn and Webb (1986)], to the discovery of Universal Conductance
Fluctuations [Lee, Stone, and Fukuyama (1987)]. At the same time it has become
progressively easier to fabricate small devices. A wider variety of physical systems has
been opened to experimental probe: normal metal thin films [Chandrasekhar, at al. (1985);
Umbach, et al. (1984); Santhanam, er al. (1987)], Si MOSFET devices [Ralls, et al.
(1984); Licini, et al. (1985); Skocpol, et al. (1986)], ultra-small area tunnel junctions
[Likharev (1988)], and a wide variety of GaAs MBE grown structures [Beenakker and
van Houten (1991)], none of which could be produced at the beginning of the 1980's.
This technological progress has allowed for a vigorous interplay between theoretical
predictions, experimental results, and physical insight.

2.1 Universal Conductance Fluctuations

Universal Conductance Fluctuations (UCF) have become a hallmark of quantum
interference phenomena [Stone (1985); Lee and Stone (1985); Lee, Stone, and Fukuyama
(1987)]. Because of their universality, these fluctuations can be used to extract a variety of
information about quantum transport in mesoscopic systems. Observation of UCF
magnetoconductance fluctuations first took place in experiments at IBM [Umbach, ez al.
(1984)]. Researchers searching for evidence of the Aharonov-Bohm effect in normal

9
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metal, micron-size rings instead saw aperiodic fluctuations in the magnetoconductance, far
larger than the experimental system noise. When magnetic field was swept up and down
repeatedly over the course of many hours, the same conductance fluctuation signature,
termed a "magnetofingerprint”, was measured. Thermal annealing to liquid nitrogen
temperature (77 K) completely rearranged the characteristic signature when it was
remeasured at liquid helium temperature (T < 4.2 K).

Soon after the original experiments, an initial theoretical understanding [Stone
(1985); Lee and Stone (1985); Al'tshuler and Khmel'nitskii (1985)] of the UCF was
formulated. An insight central to the understanding of UCF is that the amplitude and the
characteristic magnetic ficld and energy scales of the fluctuations depend solely on the
macroscopic transport parameters (sample geometry, resistance, and so forth) of a device
[Lee, Stone, and Fukuyama (LSF) (1987)]. The specific pattem of the fluctuations,
however, is determined by the microscopic details of the impurity or elastic scattering
configuration. Because of this sensitivity to microscopic parameters, the fluctuations do
not survive ensemble averaging. UCF are not observed in macroscopic devices, those
whose dimensions greatly exceed the phase-coherence length Lo At zero temperature, the
fluctuations are expected to have a characteristic amplitude, 8Gycg = (€2/h) = (25.8 k)1,
for all diffusive systems [LSF]. This universal amplitude is the reason for the designation
Universal Conductance Fluctuations. At finite temperature the UCF amplitude is sensitive
to sample geometry and dimensionality with respect to Lo [Skocpol, ez al. (1987)], and
other extensive parameters; the term "universal” is hence often replaced by the designation
"Mesoscopic Conductance Fluctuations”. We shall ignore such questions of semantics and
adhere to the traditional "UCF".

2.1.1 Background and General Phenomenology



11

A central tenet of Universal Conductance Fluctuation theory is the concept of
ergodicity. The ergodic hypothesis holds that ensemble averaging of conductance is
equivalent to averaging the conductance of a single device over magnetic field B, or over
the Fermi energy E of semiconductors in which this parameter can be varied. Lee and
Stone (1985) state, "Our hypothesis is that the dependence of gon B and E for a given

sample is effectively random, so that the correlation function will decay to zero over some
range in AE and AB. Then an ensemble average at fixed E, AE, B, and AB is equivalent to

an average over many values of E and B at fixed AE and AB. Thus the quantities we
calculate can be directly compared with experiment in a single sample: F(AE,AB) in metal-
oxide-semiconductor field-effect transistors and F(AE=0,AB) in any metallic system." gis

the reduced conductance, g = G/(e2/h), and F is the correlation function in B and E:

F(AE,AB) = (g(E,B)g(E+AE,B+AB)) - (g(E,B))2 . 2.1)

Angle brackets () indicate ensemble averaging. Another important quantity is the variance

of the sample conductance in magnetic field, sample number, or energy. This variance is

VarlG(D)] = (AG(B.E\V)AGBE,V)) = ([GBEV)-(G)2), (22)

where AG(B,E,V) is the deviation of the device conductance from the ensemble average at
a given value of the magnetic field, B, the conduction electron energy, E, and the random
impurity potential, V = V(r): AG(B,E,V) = G(BE,V) - Gavg » With Gavg =(G); we often
use G to refer t0 (G). The variance of the conductance at temperature T is just the square
amplitude of the UCF: Var{G(T)] = (3Gycrp)2. The conductance as a function of a given
parameter is predicted to have a Gaussian distribution with mean Gavg, and width 6Gycr.
The ergodic hypothesis bears several important consequences. A given narrow

sample of length L >> Ly is actually composed of many statistically independent
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"samples", each of length L. The fluctuations in each phase coherent portion of the wire
can be treated independently of one another. A single sample, measured over magnetic
field, displays conductances at fields separated by H > Hc which are also statistically
independent, as if from different samples. Hc is the magnetic correlation field, which
measures the characteristic spacing of the aperiodic magnetoconductance fluctuations. For
semiconductor two dimensional electron gas (2DEG) devices, the conduction electron
energy E (= Er at T=0) can be varied by applying a gate voltage. Conductances in a single
sample for values of E separated by more than the energy correlation range Ec are also
statistically independent. Conductances of different samples, from the same macroscopic
ensemble, measured at the same B and E, also are statistically independent. Measurement
of different samples is identical to rearranging the random scattering potential V(r) ina
single device, perhaps through thermal annealing. These independent measurements of
conductance differ from one another by a characteristic value 8Gycg = (e2/h) at zero
temperature. Ensemble averaging of the variance of G can thus be accomplished by
averaging over either sample number, magnetic field, or Fermi energy (see Fig. 2.1).

UCEF are predicted to occur in the diffusive regime of electron transport; this regime
is defined as a sample size L much larger than the elastic mean free path /, but smaller than
the strong localization length &; the sample must have a conductance G > (¢2/h) [LSF].
Metallic sample conductance at low temperatures exhibits statistical fluctuations which are
neither exponentially divergent with sample length, as in strong localization, nor do they
sclf-average to zero with increased sample size, as in classical resistor networks [LSF). At
T=0, Var(G) is sample size independent, and the relative variance scales with sample

dimension L as

Var(G) _ (8Gucp)?
aé(z == - L2249 |

(2.3)
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where G = (G) is the ensemble averaged value of the conductance and d is the effective
dimensionality. In 1D and 2D the UCF do not self-average (at T=0), and in three
dimensions the self-averaging is much weaker than the classical inverse volume
dependence [LSF]. Classical self-averaging of the conductance fluctuations does occur at
finite temperature for samples larger than Lo This classical averaging for L > Lo yields

4-d
Vari[G(T)] ~ Var{G(0)] (%) . 2.4)

1D models of statistical fluctuations can be extended to higher dimensions by the
use of multi-channel Biittiker-Landauer type formulae [Biittiker, et al. (1985); Biittiker
(1986); Landauer (1957;1985); Stone and Szafer (1988)]; in these models, electronic
conduction is treated as a scattering problem, with conductance given as the sum of
elements of a transfer matrix through the disordered sample. This relationship between
quantum transport and scattering theory links the field to other disciplines of physics, most
notably to nuclear theory.

Universal conductance fluctuations are observed in one of three ways. One may
study the variance of G as a function of magnetic field (Fig. 2.1b). Changing applied
magnetic field changes the phase of the conduction electrons along a given path length,
altering the random interference pattern displayed by the sample magnetoconductance.
Sweeping Fermi energy or electrochemical potential also exhibits aperiodic conductance
fluctuations (Fig2.2c). The UCF conductance variance can also be studied within a
macroscopic ensemble (Fig2.2a), or by studying a single device after rearrangement of the
impurity configuration. Lee, Stone, and Fukuyama (1987) determined the amplitude of
this variance for different regimes of device dimensionality with respect to the phase-
coherence length Lo, and the thermal length L = V1 D/kpT (described in section 2.1.3).
Their results are displayed in Table 2.1.
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Table 2.1 UCF amplitude 8Gyc at finite temperatures.

Condition 3Gycrk(T) (e2/h) Bc Ec | d— d+1

d>2;d=1,Lo<lrl, | @min/LY*D2 60/Lmin®| kpT | Li>Lmin

=1, L1<lmin<ly | @Co/L)LJ2 | ¢o/Lilg | h/Tp | Li>lg

d=1,Ly<l,<ly Ly/L do/Lale | kpT | Li>L

Bc and Ec are the magnetic field and energy correlation lengths (see section 2.1.2). Liin
is the lesser of Lgpand L, and Ly is the relevant length scale transverse to the current
direction, either the width W or the thickness L, . ¢ is the magnetic flux quantum, (h/e).
The fluctuation amplitude is independent of the overall sample conductance, so long as the
sample is in the diffusive transport regime (see Fig. 2.2).

2.1.2 Magnetic Field and Energy Correlation

It is important in our work to understand how the UCF pattern decorrelates with
changes in either the random scattering potential V or to the electrochemical potential 1.
The UCF correlation function F(AE,AB) sets the field scale Bc and the energy scale E¢
over which the fluctuations remain correlated. The small deviation (small AE and AB)
behavior of the correlation functions is of physical interest (see chapters 4 and 5). The
large field and energy asymptotic tails of the correlation function F(AB,AE), as F
approaches 0, is also of interest. Correlation functions characterize UCF in a sample, and
can be calculated by the methods of quantum statistical field theory [LSF].

First let us look at the correlation function in magnetic field, F(AH,T), at fixed
chemical potential and impurity configuration. The UCF amplitude is given by the variance

of device conductance, averaged over the ensemble, or over magnetic field:
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(8Guc)? =Var(G) = ([GHE,V) - (G(HE,V))]2)
((AGH.E,V))?) (2.5)

with H the applied field, E the electrochemical potential, and V the random elastic scattering
potential. By the ergodic hypothesis, averaging can be performed over either field H,
random potential V, or energy E. The magnetic field correlation function (normalized to
unity; the unnormalized function is F(AH=0) = Var(G)) is:

(AG(H,T) AG(H+AH,T) )
V(AG2(H,T)) Y (AG2(H+AH,T))

F(AH,T) = ; (2.6)

AG(H,T) is just the UCF conductance contribution at a given field and temperature. When
averaging is over magnetic field, this correlation function is actually an autocorrelation
function of one UCF magnetofingerprint with itself, shifted in value by AH. Magnetic
field correlations are most commonly obtained this way in practice, although one could also
measure the UCF in energy E at a variety of field intervals AH, and calculate the correlation
between these traces as a function of AH. Since the fluctuations in each case belong to the
same ensemble, the terms in the denominator of Eq. 2.6 are identical and equal YVar(G) =
8Gycr. Three features of the magnetic field correlation function are of interest. First is
the field excursion AH, termed the correlation field Hc, at which the normalized correlation
function drops to half of its fully correlated value: F(Hc) = 0.5. Hc represents the typical
spacing of the aperiodic magnetic field UCF. We are usually forced to measure F(AH) in
the regime of H> He. Second, the AH < He behavior of F(AH) is important for
providing information about the conductance fluctuations and how they decorrelate. Third,
the functional form of the asymptotic tail of the correlation function for AH > H provides

a test of theoretical approximations, to which the tail is sensitive.
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At T=0, LSF determined the magnetic field correlation function in the two limits
discussed above. For small AH, the form of the correlation function was obtained by a
perturbative expansion in AH of the eigenvalues of the field-independent correlation
function. The correlation function in energy or in field at zero temperature can be written as
the sum of products of the inverses of eigenvalues A, of the diffusion equation

T (-iAE + D(-iV - eAA)2 + Te') Qm(r) = Ay Qn() . 2.7

The Qp, are eigenvectors which vanish at the leads. The eigenvalues Ay must be modified
to take account of the correlation in magnetic field (with AE =0 and IAHI > 0). Since the
smallest eigenvalues dominate the correlation function, one can apply perturbation theory to
them to predict the small AH behavior of F(AH), and to estimate the value of He. These
eigenvalues are dominated by corrections of order (AH)2, so that the T=0, AH<H¢ form of
F(AH) decays as 1 - (AH)2. The effect of finite temperature on F(AH) is chiefly to alter the
correlation field range He. For d=2 dimensions, the correlation field is given by

b0 .
Hc = Loic? »where Lmpin = min {L1Lg) . (2.8)

Fig. 2.3 shows the magnetic field correlation function calculated at zero temperature [LSF],
for two different values of He.

For the energy correlation function, the calculations are similar to those performed
in the magnetic field case. This function is denoted by F(AE,T), and is calculated at
constant field H and impurity potential V. A typical diagram used to determine F(AE) is
shown in Fig. 2.4. At zero temperature the half-width of F(AE) occurs at Ec =Tin2D/L2,
where L is the sample length in the current direction. The small (AE) behavior of F(AE)
shows a decrease from unity going as (AE)2, which will be discussed further in Chapter 4.
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Figure 2.4

Correlation function F(AE) at T=0 K, before impurity averaging
[Lee, Stone, and Fukuyama (1987)].
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In the finite temperature case, the Fermi energy Ef is more properly described as the
electrochemical potential 1, so that we should discuss the correlation potential e rather
than a correlation energy Ec. In d=2 dimensions, this correlation electrochemical potential
is given by pc = kpT [Lee, Stone, and Fukuyama (1987)]. Both the correlation field He
and the correlation energy Jic can be measured, and they serve as useful probes of the

conductance fluctuation behavior in our samples.

2.1.3 Thermal or Energy Averaging

Electrons in samples at finite temperature are not confined to the Fermi energy Er;
thermal smearing of the Fermi distribution function results in a spread of electron energies
of order kBT centered on Eg. This distribution of electron energies serves to decorrelate
electron phases, and thus acts to reduce the UCF amplitude when thermal smearing
predominates over inelastic processes as a phase-randomizing mechanism. UCF theory
takes this thermal distribution of conduction electrons into account by a technique known as
thermal, or energy, averaging [Stone and Imry (1986); Imry (1986b)).

Thermal averaging proceeds as follows. At finite temperature, the conductance

G(T) is the sum of conductances at electron energies within about kgT of the Fermi level:

- . of
GM = - [ G® GE)dE : (2.9)

where f(E,T) is the Fermi distribution function. As we have seen earlier, decorrelation of
the fluctuations occurs over a characteristic magnetic field range or with a change in the
chemical potential by a correlation energy Ec. G(E) thus depends on E in a stochastic
manner [Stone and Imry (1986)], as do the electron phases, and becomes decorrelated over

a characteristic energy. We will make a rough estimate of this energy correlation range,
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which we will refer to as Ec”, in order to distinguish it from the rigorous result obtained by
calculating the energy correlation function F(AE) [Lee, Stone, and Fukuyama (1987)].

We can estimate a value for Ec* by taking the following consideration [Stone and
Imry (1986)]. Two electrons which follow the same path of length S in traversing a
mesoscopic sample acquire a phase difference AQ = 27t when their energies differ by the
decorrelation energy Ec®. The phase difference between the electrons may be computed in
terms of their differing de Broglie wavelengths [Stone and Imry (1986)]:

= S - .d(lfk)n_g_ odk _
=G a® -~ SEC & " E < (2.10)

Ao

These samples are in the diffusive regime of electron transport. Electrons undergo many
elastic scattering events while traversing a device, between phase-breaking collisions. The
total path length S the electrons visit during device traversal is composed of the N legs of a
random walk. For a device of length L, with elastic mean free path /, the path length S is

S =Nz=wfﬁL=(‘—;-2-), @.11)

since L =N/ in diffusive motion. The derivative of the electron wavevector at Egis:

&= Br) - 55
ax = [=k = , 2.12
dE[g ~ \m F 1i v 2.12)

which finally yields:

d4n2tivel HD
12 " 1z

Ec* = (2.13)
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where we have been free in dropping factors of (2r) to achieve simplicity; D is the
diffusion constant of the electrons, given in d dimensions as D = (1/d) vg!.

For temperatures such that kgT > Ec®, the conductance fluctuation amplitude is
affected by this correlation energy. This temperature sensitivity arises since 3G(T) is
composed of the average of (kg T/Ec") statistically independent (uncorrelated) zero-
temperature fluctuations 6G(0). Treatment of fluctuations in separate energy slices of
width EC® as uncorrelated is only an approximation, but is justified by more detailed
calculations [LSF]. At finite temperature, when Lo <L, the length scale for calculating the
path length S over which electrons separated by Ec* dephase is not the length L, but rather
the phase coherence length L electrons do not retain their phase memory over longer

distances. These insights give us the thermally averaged UCF amplitude:

¥Mm _ L[E¢ _ [BD__ [z
8G(0) ksT kpTle? N Lg?

(2.19)
This expression, which implements energy averaging, only holds if the thermal length, LT
=vVh D/kgT , is less than the phase coherence length Lo . If Lo is the smaller of the two,

phase coherence is not maintained over the path length necessary for thermal decorrelation
of electron phases to occur. In this case of Lo <L, we have 8G(T) = 3G(0).

2.1.4 Classical Addition of Fluctuations

A second effect can reduce the UCF amplitude at finite temperature. Suppose we
have a 2D device which is larger in both width W and length L than the phase coherence
length Lg; the current direction is along the length L. A common approximation in UCF
calculations, which is justified by more detailed calculations, is that the conductance

fluctuations from adjacent phase coherent regions are statistically independent of one
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another. We can partition our 2D sample into N[, phase coherent slices along its length,
and Nw phase coherent sections along its width: N, =L/L¢; Nw =W/Lg. Each LgxLg
box in the grid is taken to be statistically independent from the rest. This independence
means the conductances and the UCF contributions from each box can be added classically
in series and parallel. We label the conductance from each box with the indices "i,j": i
refers to the direction along L, and j to the direction along W. The resistances may be
added along longitudinal (series) strips to obtain

NL 1 _1

1
Ri = Rij =NL+ , where G;i=Gp=5—-= — . 2.15)
iL jZ'1 ¥ =Pl Gy YRR T Ry ¢

This may then be summed as transverse (parallel) conductances :

Nw

Nw N
G= %G = 3Rl =N Gp - (2.16)

The treatment for the UCF proceeds in an analogous manner, except that fluctuations add in
the square; take as an example classical two-dimensional diffusion to see that this is so.

The relation between relative conductance fluctuations and relative resistance fluctuations is

6G OR oR
proceeding as before we find
. 5Go
SRiL = VNL ORjj =+NL G2 (2.18)
?

and summing over the transverse direction conductance fluctuation terms yields
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Combining this Eq. 2.19 with the expression for N, and Nw gives us

3G = WIRL32 148G , (2.20)

which can finally be rewritten in terms of relative conductance fluctuations:
_ 8Gg? WL3 Ly m)’&n |
(&) -5 S - (% - @2

Q refers to the sample volume, and Qg to the phase-coherent volume; in d=2 dimensions,

Qis an area. This expression, Eq. 2.21, is the proper generalization of UCF calculations
to samples which are larger than the phase coherence length Lo Although derived for the
special case of a two-dimensional sample, this result is completely general.

2.2 Sensitivity of UCF to Individual Impurities

Universal Conductance Fluctuations arise from the scattering of electron waves
from the random impurity potential in a device. Since UCF are essentially a complex
interference pattemn resulting from this scattering, it is natural to wonder about the
sensitivity of these fluctuations to changes in the random potential. For samples which are
macroscopically identical, a complete rearrangement of the random impurity potential
causes a typical conductance change of the full root-mean-square (rms) UCF amplitude
dGucr. As seen in Figure 2.2, the conductance variation from sample to sample is as

large as that due to sweeping magnetic field or to varying gate voltage in a single device.
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This leads to the effect of less than total impurity configuration rearrangement. In
particular, what effect does moving just a single impurity (or other elastic scatterer) have on
the conductance of a mesoscopic device? Feng, Lee, and Stone (1986), and independently
Al'tshuler and Spivak (1985), attempted to find an answer to this question.

2.2.1 Feng, Lee, and Stone

Feng, Lee, and Stone (FLS) (1986) considered the effect on conductance of
moving a single impurity atom in a disordered metal sample. They presented a physical
argument for this effect [FLS]. Consider a metallic sample, with ] <L << &, where / is the
elastic mean free path, L is the sample length, and & is the localization length.
Conductance, according to the picture of Landauer (1957; 1985), is simply a quantum
mechanical transmission coefficient. Quantum electron transport occurs via Feynman paths
which visit the various elastic scattering sites or impurities in a sample. Electron motion in
a metallic device is diffusive: the number of scattering sites visited by a given Feynman
path as it traverses a sample is the square of the ratio of the net distance travelled to the
mean path length, or (L//)2. For a sample which is 2D compared to /, a finite fraction of all
scatterers will be visited by a given Feynman path; the number of scattering sites is
approximately (L/)2(kgl), where kg is the Fermi wavevector, so this fraction of visited
sites = (kgl)-1. Motion of a single strong elastic scatterer completely alters the nature of the
interference of all electron Feynman paths visiting that site, as shown schematically in Fig.
2.5. In d=2 dimensions, when kgl=1, strong scatterer motion completely rearranges the
characteristic UCF interference pattern. For samples at T=0, where the sample is phase-
coherent, complete rearrangement of the UCF interference pattern implies a rms change in
the device conductance of order (¢%/h), the quantum unit of conductance.

The formal analysis of the effect of impurity motion on device conductance parallels
the calculations done in Universal Conductance Fluctuation theory [LSF]. Fig. 2.6a shows
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Figure 2.5

Effect of impurity motion on Feynman paths through a disordered sample.

27



Figure 2.6
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1.5

Effect of moving a single impurity on device conductance: (top) UCF traces
calculated for a sample, before and after interchange of two scattering sites;
(bottom) diagram contributing to (5G;)2 [Feng, Lee, and Stone (1986)].
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the calculated effect of interchanging the energies of two scattering sites out of 1600; Fig.
2.6b is a typical diagram which contributes to the conductance shift (§G1)2. Samples are,
for convenience, taken to be hypercubes of length L in d dimensions. The initial elastic
scatterer configuration is given by {r;j}, (i =1, ..., Nj) , where N; is the total number of
impurities; the configuration after one impurity is moved is {r;+5r, ..., rNj}. The rms
amplitude of the conductance change caused by this impurity motion, 8Gjy, is defined as:

(8G1)2 =([G{ry, ... N} - Glrp+3r, ... rN;)12) (2.22)

where the average denoted by the angle brackets ( ) is over the random impurity
configuration {rj}. In the limit of zero temperature, the device is phase coherent. To
leading order in the perturbation induced by the moved impurity, a new vertex (denoted by
the diamond in the diagram in Fig. 2.6) connects the conductivity loops (particle-particle or
particle-hole) used to calculate 8Gj [FLS]. For a momentum exchange k of the electron in

scattering from the moved impurity, the term associated with the vertex is:
Vi(k) = uZ/N;) Re[1 - exp (ik-5r)] , (2.23)

where u? is the strength of the impurity scattering potential, and 3r is the shift in impurity
position. Modification of the various diagrams used to calculate the full UCF amplitude
[Lee and Stone (1985)] to include this single impurity motion vertex leads to the device size
dependence of the conductance shift (5G1)2 ~ L2-d that was arrived at from the hand-
wéving argument involving Feynman paths. The full zero-temperature expression for the
rms conductance shift due to moving a single impurity in a hypercube of length L is:

(8G1)2 = (°h—2)2 (%) (—If)m olleplt) (2.24)
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where a(x)=1- [sin (%x)l(%x)]z i (2.25)

Q =L41s the volume of the device, ! is the elastic scattering length, and the function
ou(kpdr) measures the degree of phase change (relative to 2) that the electron experiences
due to single impurity motion by a distance &r; o saturates at unity for impurity motion of
r > kg1, The specific form of the term (L//)24d is sensitive to the specific device
geometry, but this will not be important to our strictly two-dimensional samples. FLS
point out that when several impurities are active, changing their position or energy state,
their effect is additive in the square amplitude of the conductance change. The rms
conductance change due to the motion of N impurities is given by (§GN)2 = N(6G1)2.

This additivity of the conductance shifts 8G; holds true provided that 8Gy << 8Gycg. The

amplitude 6G; or 3G is bounded by 8Gycr, since all fluctuations saturate at this value.
We next consider the effects of finite temperature on the conductance shift 5Gj.

There are two consequences of being at T > 0. One is the effect of thermal smearing of the

conduction electron energies, accounted for by energy averaging [Stone and Imry (1986)].
Energy averaging applies to the conductance shift 8G; in the same manner as it applies to

the full conductance fluctuation amplitude (see Eq. 2.14):

8GI(T) = 8G1(0) [FLTYLHIV2 , (2.26)
where f(x)=x,forx<l; f(x)=1, forx>1 .27)

This term, ‘\jf(L-r'l/Lq,z) , accounts for the effect of the decorrelation of electron phase, due
to a finite temperature smearing of electron energies, on the UCF.

Second, at finite temperature a device will often no longer be phase coherent: the
temperature-dependent phase coherence length becomes smaller than L. Conductance

fluctuations from separate phase coherent regions or "boxes" of the sample, of volume
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Qpox =L, are statistically independent from one another. We add conductance
fluctuation amplitudes (and conductance fluctuation shifts 8G;) from each phase coherent
box classically. Eq.2.21 gives the appropriate expression for 3G when L > Lo,
Combining these two effects yields the expression for the conductance shift G due to the

movement of an arbitrary number of impurities (well below the number needed for
saturation of &G at the value 8Gycp) is:

2 2
[8%(;')] - (sg(:z) %sn £ /ksTry) (2.28)

where (8Gg)? = (8G1(0))2 N , the T=0 single impurity conductance shift multiplied by the
number of moved impurities in each phase-coherent box. For single scatterer movement,
Np = 1:(£2¢/Q), since there is just one active scatterer in the entire device volume Q, and

we get the complete, finite-temperature expression for 8G1(T):
8G1(M]? 2
%]_ = [5G1(0)]2 R2 (%!) f(il%) : (2.29)

note that Gyl =R, This is the expression for 3G in the theory of FLS.

The above analysis applies only for L¢ >/ ; quantum interference effects depend on
multiple elastic scattering events to occur between phase-randomizing collisions [FLS].
This requirement limits the temperature range over which these effects manifest themselves,
particularly in our heterostructures where [ is comparatively large when measured against
disordered normal metals. In our devices, the expected size of the conductance shift 8G
decays more rapidly with increasing temperature than does L, 8Gj o< T-! compared to Lo
o< T-112, 50 that this limit is not a significant issue. For normal metals, the limit / < Ly may
be maintained even at room temperature (T = 300 K). Since the reduction of 8Gj with
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temperature occurs as a power law of temperature, rather than decaying exponentially,
quantum interference mechanisms may contribute to 1/f noise at 300 K.

A common misconception is that the results of Feng, Lee, and Stone (1986) imply
that the motion of just a single impurity in a mesoscopic device will in all cases completely
rearrange the UCF pattern by causing conductance changes on the order of (e%/h). This is

not usually the case. Even if the sample is phase coherent, and energy averaging does not

cause a reduction in 8Gj, and even if the « factor is saturated at unity, another term in the
expression for G may reduce it below the full UCF value. This term, (/N;/2), is a

measure of the elastic scattering cross section of the moved impurity [FLS]. In an erratum
to their paper, FLS note that this term is unity only if kg! = 1. To generalize the results for

3G to values of kgl > 1, we consider the classical expression for the elastic length I :

M o= (%1)0 where O = 2r kgl (2.30)

is the expression for the elastic scattering cross section ¢ in two dimensions. (The impurity

scattering potential is assurned to be a 8-function; ¢ depends on the typical spatial extent of
the electron wavefunction, which is the de Broglie wavelength.) Eq. 2.30 implies that

(ﬁ%ﬁ) - (’121:17) (2.31)

for a strictly two-dimensional sample. Since (kg/) = 100 in our devices, this term
represents a significant reduction in the amplitude of 8G; below 8Gycr, a reduction that is

entirely independent of temperature and of sample size.

2.2.2 Al'tshuler and Spivak
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In work completed independent of Feng, Lee, and Stone (1986), Al'tshuler and
Spivak (1985) remarked on the sensitivity of electrical conductance to small variations in
the random scattering potential u(r). In their paper [Al'tshuler and Spivak (1985)], these
authors calculate the correlation function F between conductances before (G) and after (G")
a small change in the random elastic scattering potential from u(r) to u(r’). This
computation is exactly similar to the case treated by FLS, who numerically simulated the
effects of exchanging the site energies of two point defects.

The calculation of the conductance-conductance correlation function for two
different random potentials proceeds analogously to those of other UCF correlations. Into
the electron-electron impurity ladder diagram is substituted the potential u(r) for one
electron loop, and the changed potential u(r’) for the other loop. Terms going as (u2) and
as (u2) are associated with the two electron propagators; the dashed lines (corresponding to
impurity scattering) connecting the two loops have a (uu’) term associated with them.
Summing ladder diagrams gives a term of (Dq2 + 1¢1)"), where 1¢ is defined from

o

Vo (u?)

Here /s the elastic mean free path, q is the electron momentum eigenvalue, and D is the
electron diffusion constant. From this the authors [Al'tshuler and Spivak (1985)] derive

the conductance-conductance correlation function F:

il dby (LN
1t4bl o) (Lf),L<Lf

d (2.33)
-12;(1::72)- (%)4-(1 s L>L¢

F=(GG" - (GXG") = (%)2
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where Ly is defined as above. The constants b; and bz depend on the sample geometry;
dimensionality d is relative to the length L¢ ; L is the sample length.

Al'tshuler and Spivak (1985) applied these results to the case of a short-range (3-
function) impurity potential. For such a potential, the term o, which measures the degree
of decorrelation between the random impurity potential before and after a small change,
becomes o = 6Njm/Nim , where Nip, is the total number of elastic scatterers, and 8Njp, is
the number of these scatterers which move. A conductance change of ‘\l {(G-G"2) = (e2/h)
occurs when the condition Lf =L is satisfied [Al'tshuler and Spivak (1985)]; averaging is
over impurity configuration or over magnetic field. For T=0 and d=2, the authors note, a
single impurity motion causes this finite conductance change, 8G = (e2/h), since Lf=L.
For a quasi-2D film of thickness a and impurity concentration Cip, the total number of
impurities in a square sample is Niy, = L2aCyr, , and the motion of one impurity gives
ONim = 1 = 2aCj, , so that the condition for complete rearrangement of the fluctuations, Lf
= 1/VB/L2 = L, is satisfied. Implicit in this identity for 8Ni is the assumption that the
elastic length ! is governed by the 2D density of impurities; this is equivalent to assuming
that kgl = 1, which usually applies for normal metals, but not for semiconductor devices.

For a strictly two-dimensional sample at T=0, where the 2D impurity concentration
is given by n, the expressions above for the correlation between conductances at different

values of the random potential caused by the motion of N impurities become:

- C [1-11 (ﬂ’Nﬂl.';, : L <Lg .
) C Fol W ; L>L ’ =
2 (2 , :

where we note that n = kg2/2x in a two-dimensional electron gas (2DEG), and where N is
the total number of impurities which change position. The condition L<L¢ is the limit for
small changes to the conductance, 8G < (e2/h); the other limit is the asymptotic case for



35
large changes to the random potential. Recognizing that F(N) =[1 - %(SGN2 / 8Guce)l,

as will be demonstrated in Chapter 4, we see that the general expression at T=0 derived by
Al'tshuler and Spivak (1985) for Gy follows the same form as that of FLS:

8GN ~ (kg1 VN 8GycF ; (2.35)
the generalization to finite temperatures proceeds in the same fashion as in section 2.2.1.
2.3 Sensitivity of UCF to Spin-Orbit Scattering and Magnetic Field

Just as the pattern of the Universal Conductance Fluctuations is predicted to be
quite sensitive to the elastic scattering configuration, the amplitude of the fluctuations is
expected to be sensitive to the value of the applied magnetic field and to the strength of
electron spin-orbit scattering in a sample. The sensitivity to scattering configuration arises
from the complex phase-coherent interference which takes place among various electron
Feynman paths. Sensitivity of the UCF amplitude to SO scattering and to magnetic field
comes about from the effect of field and of SO scattering on the symmetries of the electron
transport. In a Biittiker-Landauer picture [Biittiker, et al. (1985); Biittiker (1986);
Landauer (1957;1985); Stone and Szafer (1988)], electronic conductance through a
mesoscopic device is treated as a complex scattering problem, with the conductance related
to the elements of a transfer matrix of electrons injected into the device. Two approaches
can be taken to determine the effects of SO scattering and of magnetic field. The insights of
random matrix (RMT) theory allow for the determination of reduction factors for the UCF
amplitude from its zero field, weak SO scattering (maximum) value. These factors are
found solely from examining the symmetries of the problem. This approach gives perhaps
the greatest physical insight into the nature of the effects on UCF. A different approach is
that of exact diagrammatic calculations of the UCF amplitude. By considering the effects
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of electron spin, and by accounting for the effects of magnetic field on the Cooperon
(particle-particle) channels, the same UCF amplitude reduction factors as predicted by RMT
are obtained by this diagrammatic approach. Diagrammatic calculations also offer the
advantage of predicting the detailed crossover behavior of the UCF amplitude as a sample
is taken between various magnetic field or SO scattering regimes. This crossover behavior
cannot be obtained from RMT analysis. Random matrix theory is nonetheless an elegant
means of determining the expected behavior of the UCF amplitude.

2.3.1 Random Matrix Theory

Random Matrix Theory (RMT) approaches to quantum electron interference stem
from insights linking work done in nuclear theory by Wigner (1953), Dyson (1962), and
Dyson and Mehta (1963) to problems in quantum transport [Imry (1986)]. A concise
review of the field is provided in [Stone (1989)], which treats the effect of magnetic field
on quantum noise in metallic systems. The work in nuclear theory found that the
eigenvalues of random matrices have properties which depend only upon the symmetries of
the ensemble of which the matrices are a part, and not upon details of the system.
Fluctuations associated with these eigenvalues have the same dependence upon these
symmetries. The fluctuation amplitude decreases as the degree of eigenvalue repulsion of
these random matrices increases. The eigenvalue repulsion, in turn, increases as the matrix
symmetry decreases, so that the fluctuation amplitude of quantities associated with the
eigenvalues of these random matrices decreases as the matrix symmetry decreases [Stone
(1989)]. We have been vague as to what these random matn'ceé represent in our case. In
the application of RMT to quantum electron transport, one treats quantum conductance as a
transmission or scattering problem through a disordered system. Dyson and Mehta (1963)

showed that the variation of a linear statistic W of the eigenvalues, that is, any quantity
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which can be written as the summation of analytic functions of the random matrix

eigenvalues, behaves as

Var(W) = (W)2 = kﬂﬂi : 2.36)

where B measures the symmetry of the random matrix ensemble, k is the number of
statistically independent eigenvalue sequences (the meaning of this will soon be made
clear), and Cy is a constant. B=1 for orthogonal ensembles, which display the highest
symmetry; B=2 for unitary ensembles; and B=4 for symplectic ensembles, which have the
least symmetry of all. The connection to quantum transport comes from the recognition
[Imry (1986)] that the conductance of a mesoscopic sample is a linear statistic of the
eigenvalues of the transfer matrix of the disordered device. This transfer matrix is partofa
random matrix ensemble; its eigenvalues are calculated [Muttalib, et al. (1987); Zanon and
Pichard (1988)] to show fluctuations identical to those of random matrix ensembles of the
appropriate symmetry [Stone (1989)]. The transfer matrix for the scattering problem
through a disordered conductor is defined as follows [Muttalib, ez al. (1987)]. Electron
conductance through a disordered mesoscopic system is defined by four matrices, r, 7, r,
t', where r and ¢ are transmission and reflection matrices in the current direction, and the
primes (') denote the matrices in the opposite direction. The scattering properties of the
sample are completely characterized by either a scattering matrix S or a transfer matrix T,

which relate incident (T) and outgoing (O) electron fluxes in the two directions:
_lrel . I _roy. I ] _|o
= [7 2] s [~ (8] s ala)-[2

It is the symmetry properties of this transfer matrix which are discussed in RMT.
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Application of a moderate magnetic field Hc (the exact value to be stated later)
destroys the Cooperon contributions to the conductance; in RMT terminology, the transfer
matrix is reduced from orthogonal (B<1) to unitary (B=2) symmetry. In the absence of a
magnetic field, the transition from weak to strong spin-orbit scattering reduces the transfer
matrix symmetry from orthogonal (8=1) to symplectic (B=4) symmetry. These B terms act
as reduction factors in the variance of the relevant linear statistic, W = G, the sample
conductance of the disordered, phase-coherent region. The variance of G is just the square
amplitude of the UCF, Var(G) = (Gycp)2. A moderate magnetic field thus reduces
3Gycr by a factor of V2, and the transition from weak to strong SO scattering at zero field
reduces the amplitude by 2. The effect of electron spin is more subtle, and is taken into
account in the k parameter given above (Eq. 2.36), which measures the number of
independent eigenvalue sequences. In the weak SO regime, the initial factor of 2 reduction
in Var(G) for H>Hc is followed by another factor of 2 reduction in magnetic fields strong
enough (H>Hz) that the Zeeman splitting between spin up and spin down states is larger
than the phase coherent energy (fi /7). This second reduction is from a change in k due to
the lifting of the degeneracy between spin up and spin down channels. In the strong SO
regime, the reduction of Var(G) by 4 at zero field due to the orthogonal-to-symplectic
transition is followed by a reduction of 2 for H>He. This second reduction is due to a
transition from a symplectic ensemble to a unitary ensemble with field, coupled with a
breaking of the Kramers degeneracy. No further reduction in the strong SO regime occurs
due to Zeeman splitting, since the spin degeneracy is already lifted. It is important to note
that conductance measurements of disordered phase-coherent systems allow for the
observation of transitions between orthogonal, unitary, and symplectic ensembles, through
the application of magnetic field and variation of SO scattering strength [Stone (1989)].

Conductance is a linear statistic of the eigenvalues of the transfer matrix T of the

disordered sample. In the Biittiker-Landauer picture of conductance in mesoscopic
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systems, the reduced conductance g (G divided by the quantum conductance (¢2/h))
depends on the transfer matrix by the following relation [Muttalib, ez al. (1987)]:

g = Tr (¢f)) = 2 Tr {[TIT + (TT)1 + 2]-1) (2.38)

This trace of the transfer matrix can be rewritten in terms of its eigenvalues, giving

N
g = 2 1‘*'1Xi ; where X = ¢ [TTT +(TTT)1-2] . (239)

i=1

The {X;) are the N nondegenerate eigenvalues of the X matrix, which is 2Nx2N in size,
with N the number of propagating transverse momentum channels in either direction. The
conductance 1s thus a linear statistic of these transfer matrix eigenvalues.

Detailed work on the effect of spin and field in the RMT picture was carried out by
Al'tshuler and Shklovskii (1986) in a paper on the effect of energy level repulsion on the
conductance of small metallic samples. In the analysis of Al'tshuler and Shklovskii
(1986), the symmetry consequences on electron conductance are considered not in terms of
the transfer matrix, but rather of the Hamiltonian of the system. The expression they use to

calculate reduction factors for Var(G) in various field and SO scattering regimes is:

2
Var(G) = (8Gycp)? = ‘f—B VarG)g (2.40)

where Var(G)g refers to the case of zero field and weak SO scattering. k is the number of
independent eigenvalue sequences; P is the symmetry parameter for the three types of
random Hamiltonian ensembles (§ = 1,2,4); and s measures the degeneracy of the

independent eigenvalue sequences. A summary of the results [Al'tshuler and Shklovskii
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(1986)] for both strong (E >>1/t50) and weak SO scattering in different magnetic field
regimes is presented in Table 2.2. The value of He = ¢g/Lnin? for most situations, where
Lmin =min{LT,Le) [Stone (1989)]; the relevant field Hz for Zeeman splitting is gugHz =
E, where E = (ti/tg) is the energy band width for our samples. We have discussed the
effects of magnetic field and of SO scattering on the transition between ensembles, with
attendant changes in f. Let us examine how k and s change and why. In the weak SO
scattering regime, the electron spin degeneracy is only lifted in the strong (Zeeman) field
regime, where an s =231 transition occurs. This removal of spin degeneracy is
accompanied by an increase in the number of statistically independent eigenvalue
sequences, k = 1-32, for a net reduction in (3Gycr)? of 2 due to Zeeman fields. In the
strong SO regime, the application of moderate field (H>Hg) lifts the Kramers degeneracy
of the electron energy levels, which is not destroyed by SO scattering, so that s =2-51; B
goes from 4—52, for a net reduction of Var(G) by a factor of 8 with the application of a
moderate field in the strong SO regime. No further symmetry breaking occurs in the
Zeeman field regime under strong SO scattering. These results are given in the Table 2.2,

Table 2.2 Random Matrix Theory parameters for spin-orbit and magnetic field
reduction factors [Al'tshuler and Shklovskii (1986)].

SO Strength H < He Hc< H <Hz H > Hz
s=2 s=2 s=1
E>>1i/ts0 k=1 k=1 k=2
B=1 B=2 B=2
s=2 s=1 s=1
E<<Mt/tso k=1 k=1 k=1
B=4 B=2 B=







