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ABSTRACT
DYNAMIC PROPERTIES OF SUPERCONDUCTING MICROBRIDGES
Mark David Feuer |
Yale University

1980

Superconducting microbridges of Pb alloys have been studied in
both the uniform-thickness and variable-thickness geometries. Variable-
thickness microbridges of pure In have also been studied, to investigate
the effect of a long electron mean free path and a long superconducting
coherence length. Measurements of the time-averaged voltage as a func-'
tion of the current bias, performed at various power levels of micro-
wave irradiation, yield information about the Josephson effect, Joule
heating, and other phenomena of the dynamic (i.e. finite-voltage) state.
Critical current data, representative of the static state, have also
been studied. A new photolithographic process incorporating ion-beam
etching techniques has been developed to permit fabrication of micro-
bridges with all bridge dimensions less than or equal to 50 nm.

Uniform-thickness microb;idges of Pb0.7B:i.0.3 and Pb().glno.1 alloys
have been fabricated using optical projection lithography and metal-
liftoff techniques. A special technique of through-the-substrate pro-
jection exposure has been developed to ensure successful liftoff of
microbridges narrower than 0.5 ym. The uniform~thickness microbridges
studied were roughly hyperbolic in shape, ranging from 0.2 ym to 1.9 um
in width and from 25 nm tc 90 nm in thickness. The critical currents
and the current-voltage curves of these microbridges have been compared
to the uniform-depairing and vortex-flow theories of microbridge be-

havior. The data do not show clearly the predicted transition from
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the uniform-depairing regime to the vortex-flow regime as a function of

bridge width. The Josephson effect response of these alloy microbridges

is similar to that of larger microbridges of elemental superconductors,
except that the high device resistances of the alloy bridges, which
range from 1 ohm to 8 ohms, are better suited to efficient microwave
coupling. Both the temperature range and voltage range of operation of
these uniform~thickness microbridges are limited by Joule heating, as
in uniform-thickness microbridges of elemental superconductors.
Variable-thickness microbridges of Pbo.glno_1 alloy and un-
allo&ed In have been fabricated by a new technique, step-edge lithography.
Microbridges ranging from 40 nm to 200 nm in width, with comparable
lengths and bank thicknesses up to 600 nm, have been produced. The
critical currents of the variable-thickness microbridges are found to

be linear in temperature over a fairly wide range near the critical tem-

perature. The magnitude of the critical current decreases smoothly as

the cross-sectional area of the microbridge is reduced, approaching
the theoretical, small-bridge limit for the narrowest microbridges
tested. As expected, the Joule-heating limité are much less severe for
the variable-thickness microbridges than for the uniform-thickness
microbridges. The Joule heating also shows a strong dependence on

bridge cross-sectional area: narrower microbridges show less severe

heating effects. Boundary scattering in the narrow bridge region,

quite significant in the pure In microbridges, is observed to increase
the device resistance and reduce the Joule heating effects. For the
narrowest In microbridge, microwave steps are observed to 1.9 mV and

no hysteresis is observed down to 1.3 K, the lowest temperature tested.

Other dynamic-state effects are discussed, including energy-gap-related
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structure, microwave enhancement of the critical current, and a micro-

wave-induced asymmetry of the current-voltage curves which has not been

previously reported in microbridge studies. Tﬁe overall trends of the

data on variable-thickness microbridges indicate that very small, high-

resistivity bridges with thick, low-resistivity banks offer the greatest

promise for high-frequency device applicationms.
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LIST OF SYMBOLS
Frequently—-used symbols and abbreviations are defined here;
symbols which occur in only one or two contiguoﬁs paragraphs ;re de~-
fined immediately preceding or following their first appearance.
Standard abbreviations for units, such as cm and , are used without

explicit definition, as are the standard for the chemical elements,

such as Pb.

Symbol Meaning

a normalized width of hyperbolic bridge,
a s (WIZE(T)51n(6max))

J electromagnetic vector potential

b local magnetic flux density

c speed of light in vacuum

c capacitance

7 STramser
BIGXPR

oy o
SRES TR

LR

thickness of bridge region in VIB; thickness of both
bridge and banks in UTB

T
(=1

i

D thickness of banks in VTB

charge on the electron; also used for the base of the

AR AR R

e
' natural logarithm
a f frequency
i £ characteristic frequency of a microbridge, fc E (2eIcR/h)

i fundamental frequency of the Josephson oscillation,
J - = ;
fJ = (ZeV/h)

F force exerted on the kth vortex

GL Ginzburg-Landau (theory)

R R A T SA AT

Planck's constant

t k= (n/2m)
i v -1
I current, often‘bias current through a microbridge

xi
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List of Symbols (continued)

Symbol

PR

R 4

Meaning

current through accelerator supply of ion gun
critical current (£ maximum zero-voltage current)

downset current (3 minimum finite-voltage current in a
hysteretic device)

normalization current, see eq. (II-13)

ac bias current

I of a one-dimensional superconducting filament, see
c
eq. (1I-12)

shift in effective Ic due to heating

width in current of the nth microwave step, see Fig. II-3
asymmetry current at voltage V

current density

supercurrent density

current density of ion beam

mean free path for elastic scattering of electrons
effective mean free patﬁ in the banks of a microbridge
effective mean free path in the bridge region

length of a microbridge

mass of the electron; also used for an arbitrary integer

an arbitrary integer, also used for refractive index in
chapter III

superconducting pair density
power dissipated in a microbridge

characteristic power for Joule heating defined by Tinkham
et. al. (1977)

photoresist

position vector
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List of Symbols (continued)

Symbol
R

Rtot

SEM

SNS bridge

SQUID

SchSc

bridge

Meaning

resistance, usually of a microbri&ge

characteristic device resistance, R, = Rmin at t = 0.995

for UTBs, Rd = R.min at t = 0,99 for VIBs.
differential resistance of the V(I) curve, R, = (dV/dI1)
differential resistance of the low-voltage foot

minimum differential resistance of the V(I) curve above
the foot region

characteristic vortex-flow resistance, see eq. (II-44)
thermal resistance (= temperature drop ¢ heat flow)
total resistance of the bridge plus banks just above Tc

resistance per square of thin film, Rg = (p/d)

radio-frequency interference

resistively-shunted junction (model)

unit vector normal to superconductor-insulator boundary

polarity of the kth vortex

scanning-electron microscope

microbridge with superconducting banks and a non-supercon-
ducting bridge region .

superconducting quantum interference device

all-superconducting microbridge with a shorter mean free
path in the bridge region than in the banks; also called

clean-dirty-clean bridge

normalized (or reduced) temperature t = (T/Tc)
normalized bath temperature t; = (TB/TC)
temperature

bath temperature

critical temperature for superconductivity
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List of Symbols (continued)

Synbol

-)
Toes (D)
AT

ATno hyst

usa

UTB

24,2A(T)

n

Meaning
local effective temperature in the Joule-heating theory
temperature difference, often Teff - TB
hysteresis-free temperature range

temperature shift inferred from energy-gap-related
structure

time-dependent Ginzburg-Landau (theory)
ultrasonic agitation

unifo;uhthickness microbridge

Fermi velocity

effective velocity of superfluid flow

voltage

time-averaged voltage

characteristic voltage, Vc = IcR

maximum voltage of low-voltage foot

voltage of the highest observable microwave step

characteristic voltage for vortex flow defined by
Aslamazov and Larkin (1975), v, = (8/172)ICRo

variable-thickness microbridge

width of microbridge at narrowest point
Cartesian position coordinate
position‘of the kth vortex

exponent in the relation IC « (Tc-T)B
linewidth of the Joseﬁhson oscillation

superconducting energy gap

thermal healing length in a thin film; also used for
vortex viscosity



List of Symbols (continued)

R R R

% Symbol Meaning
% ) coaltitude angle of evaporation of SEM viewing
g Zemax asymptotic angle filled by one bank of a hyperbolic,
% planar microbridge
: K thermal conductivity
%
§ A0 (T) magnetic-field penetration depth
5 Aoss effective penetration depth, Aeff z m:«m{)\,i\_L }
é AGL Ginzburg-Landau penetration depth
; Aég) Ginzburg-Landau penetration depth, extrapolated to T = 0
% AL London penetration depth
? AQ quasiparticle diffusion length
% AJ_ thin-film penetration depth, ll = 2%3
: g,gGL(T) Ginzburg-Landau coherence length
? %m(O) Ginzburg-Landau coherence length, extrapolated to T = 0
¢ gBCS BCS coherence length
p normal state resistivity
T time variable
Tg inelastic electron-scattering time

o characteristic quasiparticle scattering time of Kaplan
et, al. (1976), t & 8.4TE;also used for the period of

cyclic vortex motion

order-parameter relaxation time in TDGL theory, see eq.
A (1I-28)

LE TR Y Fieess Hare e s i IR e
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¢ phase of the macroscopic wavefunction; also used for
azimuth angle

R

phase difference (usually across a microbridge)

EFERR TGS R
>
-

® magrnetic flux quantum, ¢ (hc/2e) in cgs Gaussian units,

° ¢o 2 (h/2e) in mks units®

w(?),w Macroscopic wavefunction
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List of Symbols (continued)

Symbol Meaning
|¢w| magnitude of Y in the absence of fields or currents
Q solid angle for hot-electron diffusion subtended by the

banks
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I. INTRODUCTION

This thesis describes studies of superconducting microbridges
carried out at Yale University between August 1976 and June 1980.
These studies were undertaken to improve our understanding of the dy-
namic (time-dependent) state of microbridges, in which the Josephson
effect and nonequilibrium superconductivity play prominent parts. In
addition to the general scientific investigation of time-dependent
phenomena in microbridges, we have tried to understand quantitatively

the limits on the Josephson-effect in these devices, limits which are

important in assessing the utility of microbridges in applications such

as low-noise, mm-wave mixers.

I.A Microbridges and the Josephson Effect

A micrgbridge may be defined as a planar or quasi-planar struc-
ture consisting of two broad films of superconductor (banks), separated

by a narrow insulating gap which is bridged by a single narrow piece of

superconducting film (bridge) connecting the two banks. In some theo-

retical treatments, microbridges are classed with ideal point contacts,
and the term "conmstriction weak link" or simply "constriction" is used.

For the purposes of this thesis, the unmodified term "microbridge" im-

plies that uniform material is used for the bridge and banks. Struc-

tures incorporating more than one material, such as a normal (i.e. non-

superconducting) bridge with superconducting banks, are referred to by

more specific titles, such as "SNS microbridge".
Superconducting microbridges are often divided into two classes,

depending on geometry. If the bank films are the same thickness as the

bridge, as in Fig. I-la, the device is a uniform-thickness microbridge

(UTB). The dimensions of a UTB are the bridge length L, the bridge

1
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FIG, I-1. 1Idealized geometry of superconducting microbridges.

(a) Uniform-thickness microbridge (UTB). (b) Variable-thickness
microbridge (VIB). When current is passed from one bank to the
other, the high current denmsity in the bridge region causes a

partial breakdown of the superconductivity there.
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width W, and the film thickness d (both bridge and banks). If the

banks are made thicker than the bridge region, as in Fig. I-1b, the
device is a variable-thickness microbridge (VTB). In this case, d is
the thickness of the bridge region and D is the bank thickness. As
discussed in sections II.D and II.E, the VIB has practical advantages

over the UTB, although its fabrication is usually more complicated.

A continuing source of interest in microbridge devices has been

their behavior as Josephson-effect weak links. The modern history of

such weak links begins in 1962, when Brian Josephson (1962) calculated
that significant supercurrents (i.e. zero-voltage currents), due to
tunneling of superconducting electron pairs, could flow through a thin,
insulating oxide barrier between two superconductors. Josephson
recognized that the pair-tunneling supercurrent would be driven by

differences in the phase of the macroscopic wave function of the two

superconductors. Once Anderson and Rowell (1963) had actually ob-

served the Josephson effect, this phase sensitivity was rapidly ex-
ploited in a wide variety of dc and ac applicationms.

Almost immediately after the tunnel junction experiments of
AR (1963), it was discovered Ey Anderson and Dayem (1964) that super-
conducting microbridges, then in use by Parks and Mochel (1964) to

study flow of magnetic flux vortices, showed microwave-induced, con-

Previous to Josephson's work, it had been thought that the proba-
bility of such pair tunneling would be the square of the (very small)
probability for single-particle tunneling, so that the pair-tunnel-
ing current would be unmeasurably small. Josephson, and later
Philip Anderson, developed the idea that pairs could tunnel coher-
ently, as single units, and found that the pair-tunneling supercur-
rent could be comparable in magnitude to the normal, single-

electron tunneling current.
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stant-voltage steps in the V() curve, one of the hallmarks of the
Josephson effect. Although Anderson and Dayem explained their re-
sults with a semi-quantitative vortex-flow modél, they correctly
pointed out the fundamental relationship of their results to the

Josephson effect observed in tunnel junctions. Eventually, the other

key phenomena of the Josephson effect, including operation of a Super-
conducting Quantum Interference Device (SQUID, Fulton and Dynes (1970))
and direct observation of the Josephson radiation (Gubankov et. al.
(1975)) were observed in superconducting microbridges.

A theoretical breakthrough in understanding the Josephson effect
in microbridges came when Aslamazov and Larkin (1969) calculated the
effect of current-induced depairing in a narrow superconducting con-
striction. They found that when an electric current is passed from
one bank to the other, the high current demsity in the bridge region
causes depairing, a partial breakdown of the superconductivity, there.
If the weakened region is short and narrow compared to the supercon-
ducting coherence length, the Josephson effect results.

AL (1569) showed that small, dirty constriction-type weak links
obey the same relations as tunnel junctions when they are in the static
(i.e. zero-voltage) state at a temperature T near the critical tempera-

ture Tc. That is:

I = I sinA¢ (1)

IR = (635 uv/K)(Tc - T (2)

where I is the current, Ic is the maximum zero-voltage supercurrent,

usually called the critical current, R is the resistance of the device

in the nonsuperconducting state, and A¢ is the phase difference be-



tween the banks. Equations (1) and (2), together with the phase pre-

cession equation:

+ —j-f-“-?:’- =2 e V(1) | | (3)

can be used in the two-fluid picture to describe the key Josephson-

effect phenomena mentioned above. (The phase precession equation (3)

As elsewhere in this

applies to all coherent superconducting systems.
% thesis, the time variable is denoted T.)
g Despite the similarities noted above, there are significant dif-
% ferences between microbridges and oxide-barrier ;unnel junctions. One
% difference is that microbridges are much more strongly coupled de-

My

These

vices, with critical current densities of 10 A/cm” or more.

large critical current densities imply small RC times (see Tinkham

B

g (1978)) which make microbridges attractive for high-frequency opera-

g tion. In practice, however, R may be too low for efficient rf coupling.
% In addition, the high current densities present in microbridges can

1%

g cause significant depai;ing and nonequilibrium effects in the banks.

i A second difference between‘microbridges and oxide-barrier junctions

? is that in the former, the weak region is typically longer than the

| "

% electron mean free path &. This means that the properties of the weak

region can enter the calculations in much more complex form than the

hAEE

simple transmission goefficient which is adequate for basic tunneling
theory. This complexity is largely responsible for the fact that
sustained research has not yet been able to establish a microscopic
theory of superconducting microbridges which is as complete as the
microscopic theory of tunnel junctions.

Another Josephson-effect device which is closely related to the

microbridge is the superconducting point contact. A clean point con-
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tact, formed by pressing a sharply pointed superconducting wire
against a superconducting block, is believed to consist of a simple
metallic contact with a cross-sectional area of only a few thousand
nmz (Tinkham et. al. (1975)). The current flow, concentrated in the
small contact area, causes depairing and the Josephson effect in
strict analogy to the operation of a variable-thickness microbridge.
The point contact shares the small RC time of the microbridge, and it

can be adjusted for high device resistance, so it has been widely used

for SQUIDs and higher-frequency applications. However, most point con-

tacts are not reproducible after thermal cycling or do not show the
full value of the IcR product (eq. (2)). If variable-thickness micro-
bridges could be made with the tiny contact area and thick banks of a
point contact, they might be expected to show the same excellent high-
frequency performance, in a reproducible, thin-film device.

I.B Microbridges and Non-Equilibrium Sup=rconductivity

Whenever a microbridge sustains a finite nonzero voltage, there

is precession of the phase difference (eq. (3)) and temporal variation

of the fractional depairing. Thus, operation at a finite voltage im-

plies a dynamic state of the éuperconductor. The superconducting pair
density, the superconducting energy gap, and the numbers and energy
distributions of phonons and quasiparticles will vary in time, pro-
ducing a complex problem in nonequilibrium superconductivity.

One can treat the lowest-order effects of this dynamic state by
using the theory of Joule heating to account for power dissipation with-
in the superconductor. 1In the Joule-heating picture, it is assumed
that the phonons and quasiparticles are in local equilibrium at all

points. The local temperature at each point Teff(;) is détermined by



applying classical heat flow calculations to distributions of power
dissipation, which may be postulated on physical grounds or may be

computed self-consistently with the heat-flow calculations. Joule-

heating theories have been very successful in describing deviations of

microbridge behavior from the basic resistively-shunted-junction (RSJ)

3TN

hﬁf&:\@f} ERENS ERETEs

T

model (see section II.B.2) which occur at moderate-to-high levels of

power dissipation.
Even when Joule heating is not significant, however, microbridges

R

7o

T

%

% do not follow exactly the RSJ model predictions.' Early attempts to

% account for microbridge behavior in terms of the finite relaxation time
§ of the superfluid density (see the discussion of the TDGL model in

§ section II.B.2) met with limited success, and recent work has focussed

% on the role of quasiparticle relaxation. Theories based on quasi-

% particle disequilibrium have been successful in describing phase-slip

- behavior in one-dimensional filaments and very long, narrow microbridges

(see Kadin et. al. (1978)), and encouraging progress has been made in

explaining microwave enhancement of the critical current (Klapwijk

g et. al. (1977b)) and low-voltage "foot" structures in the V(I) curves
! of microbridges (Schmid, et. al. (1980)). As microbridge studies are
£

& extended to a wider range of material and device parameters, these

)
b

studies will serve as a proving ground for theories of quasiparticle

disequilibrium and nonequilibrium superconductivity in general.

SRR SRS

I.C Practical Application and the Effect of Microbridge Size

5NNV

Josephson-effect devices have been used or proposed for use in a

wide variety of practical applications. (See, for example, the pro-

_ceedings of the 1978 Charlottesville conference on '"Future Trends in

Superconductivé Electronics", AIP Conf. Proc. 44 (1978).) Most of
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these can be put into three categories:
(1) Superconducting Logic Circuits

(2) SQUID Devices

(3) High-Frequency Detectors and Mixers.

Superconducting logic has been rapidly developed in recent years
by the large program at IBM. (For a state-of-the-art survey, see the
March 1980 issue of the IBM Journal of Research and Development.) Al-
though the IBM technology using hysteretic circuitry is satisfactory,
microbridge type devices could conceivably be useful in future gen-
erations of nonhysteretic logic with improved reproducibility after
thermal cycling.

Successful low-noise SQUIDs have been made using both point con-
tacts and shunted oxide-barrier tunnel junctions, but the highest
energy sensitivity reported to date has been achieved for a two-junction
SQUID incorporating very narrow Nb microbridges (Voss et. al. (1980)).
Which type of Josephson-effect device will ultimately be preferred for
SQUIDs is not yet clear.

In the field of high-frequency Josephson-effect detectors and
mixers, oxide-barrier tunnel 5unctions are handicapped by their large
intrinsic RC times, which limit operating bandwidth. Thus point con-
tacts or microbridges are preferable for these applications.

While microbridges show promise as high-frequency devices, they
have so far been limited by low device resistance and severe Joule
heating. The device resiétance is typically slightly less than the
resistance of the structure in the normal state. For efficient, broad-
band, microwave coupling at frequencies i 100 GHz, a device resistance

~ 10Q is needed, whereas resistances of typical microbridges of pre-
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vious studies have been 5 1 Q..The problem of Joule heating arises
when finite-voltage operation leads to power dissipation in the micro-
bridge. This power dissipation, concentrated around the bridge region,

raises the temperature of that region until phase coherence is lost

and the Josephson oscillation ceases. Thus, Joule heating of the

bridge causes a maximum time-averaged voltage at which the Josephson

effect and related phenomena can be observed. Through eq. (3), it can

be shown (section II.B.2) that the voltage limit implies a frequency
limit, which is usually the most important restriction on the operating
frequency of a microbridge.

The calculation of Aslamazov and Larkin (1969) predicting tunnel-
junction-like behavior for microbridges applies only to bridges whose
length and width are small compared to the superconducting coherence
length E(T). (We make the conventional assumption that d < W.) 1If
the bridges are made longer than a few coherence lengths, but still
narrow, the I(A¢) relation replacing eq. (1) becomes multivalued and

the simple Josephson-effect behavior is lost (Likharev and Yakobson

(1976a)). 1If the bridges are made wider than a few coherence lengths,

but still short, the entire theoretical picture must be changed and

new calculations based on flow of magnetic flux vortices become rele-

vant (Likharev (1972)). These vortex-flow calculationms, discussed in

section II.C, predict dynamic effects reminiscent of, though distinct
from, the ac Josephson effect.

Although the coherence length diverges near Tc, microbridge
lengths and widths should be < 5-10E(T = 0) if ideal junction-like
operation is desired at T < 0.9Tc. For typical thin films of nominally

pure Sn and In, E(T = 0) ~ 100 nm, so it is necessary to use fabri-
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cation techniques capable of achieving submicron dimensions. Further-

I o

more, &(T = 0) decreases as either Tc or the normal-state resistivity

A

p increases, so the demands on fabrication techniques are even more

ST ST

SXgepsies

stringent for high-resistivity or high-Tc materials.

Now let us consider the problem‘of increasing microbridge re-

sistance. The bridge length may not be increased beyond a few co-

herence lengths,so the resistance must be increased by decreasing the

s
i

)

5 cross-sectional area or increasing the resistivity of the bridge

b

£

% material. In the present study, we have concentrated on the latter
d

% option, but have also investigated the former.

I

r:_%

g I1.D Motivation and Development of the Present Work

b

In this work, we have studied high-resistance (R = 1-8 () micro-

bridges in both the uniform~-thickness and variable-thickness geometries

fabricated from high-resistivity Pb alloys. The effect of

T n e,

LR R N R AT i

boundary scattering in extremely narrow (W { 40 nm) VIBs of nominally

pure In has also been investigated. Measurements of the time-averaged

e LT e

RO

voltage V as a function of the current bias I, performed at various

(2%

power levels of microwave irradiation, yield information about the

Josephson effect, Joule heating, and other phenomena of the dynamic

TR

TR e
AP SIS T

TR

(i.e. finite-voltage) state.

S RORNEIRLE

s

In the first part of this work (chapters III and IV),UTBs of

Bleds

alloys were studied. The UTBs were roughly

RIS

Pby.7B1ig,3 and Pby oIng 4

hyperbolic in shape (see Fig. III-6), with minimum bridge widths ranging
8 Q. The

from 0.2 ym to 1.9 ym and device resistances ranging from 1 @ to
coherence length and bridge dimensions are such that measurements are
practical in both the uniform-depairing and the vortex-flow regimes of

operation. These investigations of high-resistance UTBs were carried
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out with the aim of evaluating their potential for practical appli-
cations, and a specific point of interest was whether the vortex-flow
theory of Aslamazov and Larkin (1975) provided an adequate description
of the dynamic state for these microbridges.

The results obtained for the UTBs showed that high-resistivity

microbridges suffered from Joule-heating limitations similar to those

It

of pure-Sn UTBs of comparable normalized width (Skocpol (1974)).

TN RS,

T A ST

became clear that reduction of Joule heating in microbridges required

2 T
=TT

the use of the variable-thickness geometry (Klapwijk and Mooij (1975),

S

-
i &L
TBE

Octavio et. al. (1977)) and the fabrication of bridges with still

grivan

LTSS

e

smaller dimensions (Tinkham et. al. (1977)). After comnsiderable work

STETIAT
LNEY

SRy
DY

and some unsuccessful preliminary attempts, we developed a novel VIB

meeyy
N

5

AN

fabrication technology capable of meeting these needs, and high-resis-

tivity microbridges of Pbo 9In0 1° with lengths and widths as small as

In the end, the high resolution of the

R

I
SRR,

40 nm,were made and studied.

fabrication process made it possible to investigate high-resistance

F LT
o

bridges of pure In, in which the high device resistance is provided

% s

predominantly by boundary scattering in the narrow bridge region.
Although the focus of the VIB experiments was on the Joule-
heating limitation of the Josephson-effect response, observations on
several other dynamic-state phenomena are reported in chapter VI. It
is hoped that these data on low-voltage "foot" structure, energy-gap
related structure,microwave-induced enhancement of the critical current

and microwave-induced asymmetry of the V(I) curves will contribute to

the theoretical understanding of nonequilibrium superconductivity

which is currentl& being developed.
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I.E A Note on Fabrication

In the course of this work, we have invested considerable time

and effort in microfabrication techniques. This is not unprecedented

in microbridge studies because the stringent limits on microbridge size

NG PP SR e T 1w -
2 AT
134
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In 1963, when the semiconductor

require state-of-the-art lithography.

P
5t

-
2k
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e

P e g

industry was using a standard linewidth of 30 um, Anderson and Dayem

et

R
A

(1964) used photolithography to fabricate UTBs of 3 um width. Super-

o

RN R

conducting microbridges were among the first electronic devices to be

fabricated by electron-beam lithography (Lukens et. al. (1978)), and

today microbridges are being fabricated with ultra-high resolution

by contamination e-beam lithography (Laibowitz et. al.

ey
AP

(1979)). Although much important work has been accomplished using

P
Qi

AT
A A
SRR G

microbridges produced by scribing techniques (for a very limited sam-

ple, see Chiao et. al. (1974), Gregers-Hansen et. al. (1972), and

S perg Az
SonlETd,

Lelald

Octavio et. al. (1977)), we believe that the future belongs to li-

g
by
=
&

thographic techniques, which can now produce bridges of even smaller
dimensions, with thick banks, more reproducibly than scribing methods.

The step-edge process for VIB fabrication described in chapter

V is relatively unconventional. It is one of a number of quasi-planar

processes introduced in recent years to provide smaller structures or

more precise alignment of related parts. In these quasi-planar

processes, the third dimension (i.e. the thickness of a film or an
etch depth) is used to construct devices with details finer than those
which can be attained by direct plénar lithography. An early example
of such a quasi-planar process is provided by the short-gate (¥ 1 wm)
FET process of Déan and Matarese (1975), in which the thickness of a

photoresist layer is projected onto a planar substrate by evaporation
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at an angle. Examples of quasiplanar processes used in supercon-

ducting device research include the work on small tunnel junctions by

Dolan (1977), Havemann (1978), and Heiblum et. al. (1978).

" Our microbridge process involves two innovative features.  First,

the vertical step is ion-beam etched into the substrate, rather than

deposited on top of it. The ion-beam etching process yields a sharp,

s e

£2

square, reproducible step profile. Second, this microbridge fabrica-

TS

tion process is the only process known to us in which two-dimensional

shadowing is used to provide two very small dimensions. In the pro-

cess described in chapter V, none of the microbridge dimensions (L, W,

d, D) is limited by optical diffraction or the resolution of the opti-

cal system.

0f course, the utility of step-edge fabrication is not limited

TR e P
s &g.w‘k..,,’,-«{r‘;,\’i&z“-zg?;‘;m.@a,&@::j:"-.,ﬁﬁrgva{;:gg_,_

T
&t

i
o

% to superconducting microbridges. One spinoff from the microbridge
£

b work, fabrication of ultrafine (nonsuperconducting) metal wires, has

already been used in the study of electron lucalization in one-dimen-

e

3 ‘ﬁ’fi&?ﬂ;w%‘w 7

%1
sional structures. (See Giordano, Gilsom and Prober (1979), Prober,

TIRTATT

Feuer and Giordano (1980), and Giordano (1980).)) Work on other
simple step-based microstructures is currently proceeding, both in

this laboratory and elsewhere (White and Flanders (1980), Claassen

(1980)).
I.F Outline of the Thesis

In this first chapter, we have introduced the concept of a micro-
bridge and briefly discussed its scientific and technological interest.
In chapter II, microbridge theories relevant to these experiments are
described, and tHe results of different theories are compared. The

applicability of the uniform-depairing and vortex-flow theories to the



Yy,

-
RS SR R e ) o
VR TSI, 2, £l
S

i

R

7

2% 7‘%:

SN S e

IS
%
s
i
i
o
5
5
b

3

NI AN

e R T ey

14
actual experimental situation is assessed. Chapter III discusses the

general experimental procedures used in the study, including shielding

of the measurement apparatus and the photolithographic processes used

to fabricate uniform-thickness microbridges (UTBs). Special attention

is given to through-the-substrate projection exposure, a technique de-
veloped in this work to ensure successful liftoff processing for micro-
bridges narrower than 0.5 ym. The results of the studies on uniform-
thickness bridges are discussed in chapter IV. The critical currents

of the bridges and the Josephson-effect response to microwave radiation
are investigated, and the Joule heating is used to make a bolometric
calibration of the absolute microwave sensitivity of several bridges.
Chapter V treats the step—edge techniques developed to fabricate

variable~thickness microbridges (VIBs) in which both the length and

width of the bridge region is X 50 nm. Ion-beam etching and evapora-

tion shadowing are discussed at some length, with attention to the de-

tails of surface topography. The results of the studies on very small,

variable-thickness microbridges are discussed in chapter VI. Critical

currents and Joule-heating parameters are studied as functions of
bridge dimensions for VIBs of Pb-In alloy and of nominally pure In.
Spontaneous structure in the V(1) curves and microwave-induced effects

are also discussed. Chapter VII summarizes our conclusions about the

dependence of the various phenomena on bridge geometry and material

parameters, and compares our results with those of previous workers.
Preliminary reports of some of this work have been published by

Feuer, Prober, and Cogdell, AIP Conf. Proc. 44, 317 (1978); and by

Feuer and Prober, IEEE Trans. MAG-15, 578 (1980) and Appl. Phys. Lett.

36, 226 (1980).
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II. THEORY OF MICROBRIDGES

II.A. Ginzburg-Landau Theory

Virtually all theories of microbridge behavior are based on the

Ginzburg-Landau (GL) theory of the macroscopic wavefunction or extensions
of this theory. The GL theory was originally developed as a phenomeno-
logical description of the superconducting phase transition, but Gorkov
(1959) showed that it could be derived as a limiting case of the BCS

microscopic theory, valid near the critical temperature Tc when the

supercurrent and superconducting pair density vary slowly in space and
time. Many authors have discussed this theory, and derivations of

general results which are quoted here without proof can be found in the

text by Tinkham (1975).
The fundamental entity in the GL theory is the order parameter or

pseudowave function (@), yisa complex quantity. The square of its

magnitude is proportional to n., the density of superconducting pairs,
while the gradient of its phase ¢ gives rise to superconducting currents.

The pseudowave function is determined from the two GL differential equa-

tions:
2 > .
p-dil s 2 (Tl 22l &
v, o
and
S@ by =3 =S M- @ - T 2
A8 =T =S W - W) - =Xy (2)

in conjunction with the boundary condition:

;) 2e .
GV-SBvs=0 (3

at the insulating boundary of the superconductor, where s is a unit

vector normal to the boundary.

15
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Boundary conditions must also be imposed within the supercon-
ductor itself, to specify, for example, the total current through a

microbridge. In the above equations, |1p°°|2 is.the density of super-

conducting pairs in the absence of currents or fields, Qo = %ﬁ- is the

>
flux quantum, X is the electromagnetic vector potential, b is the mag-

netic flux density, 3; is the superconducting current density, and e and

m are the charge and mass, respectively, of the electron. In Eq. (2),

the Maxwell equation for the current is applied to the static case, so

that the time derivative gg =0and J = 3;. The parameter

£= £ (D = £, (0 - )72 )

ST RS TNy
S 2

B
Sl

the Ginzburg-Landau coherence length, gives the characteristic scale of

SRR

In eq. (4), we have used the reduced temperature

T

variations in V.

RTReRTre
e

Rt

t = T/Tc, where Tc is the critical temperature. There is a second

LREY

§ length:

. :

- -1/2

¢ MD = [—F5—— ] =0 Q-0 / (5)
. gre” |y, |

the magnetic-field penetration depth, which gives the characteristic

scale of variations in b. When a magnetic field is applied perpendicular

to a thin film (d << 1), the relevant depth is increased to:

2 :
2X (6)

- as shown by Pearl (1964).
The object of much of microbridge theory is to solve the GL equa-
tions for w(?) with the appropriate boundary conditions. Due to the

-nonlinearity of the equations, exact solutions have not been obtained

for the relatively complex geometry of the real microbridge. Approxi-

mate solutions have been obtained as extensions of two well-known




problems with simpler boundary conditions. The first approach, discussed

in section II.B below, is based on the problem of current-induced de-
pairing in a one-dimensional superconducting filament. The second
approach, discussed in section II.C, is based on the vortex solution to
magnetic.flux penetration in a thin film. The calculations discussed
.in sections II.B - II.E apply to microbridges in the dirty limit (i.e.
microbridges for which the mean free path & is the smallest length in-

volved). Clean microbridges are discussed briefly in section II.F.

B II.B Uniform-Depairing Models of Microbridge Behavior®

s
NS
i
0
e
e
042,
2
s
%
B
&
o
%
4
B
B!
78
24
g

-
‘

II.B.1 Static Behavior
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A superconducting filament of infinite length may be considered

N,

2

. 2
one~dimensional if its cross-sectional area is less than both & and A

.;.,.w.
x 1,"1::3%??1‘ e

5k

In this case, the pseudowave function will be essentially constant

EEHEER

across the filament cross-section. Assuming that the cross section is

£

o
S

constant along the length of the filament, one can construct.a trans-

o

e
SRipa

)

o

lationally invariant solution:

P(x) = leeikx @)

which obeys the one-dimensional GL equation:

2 2
: +—%’—]3w -4t ()
o dx

>
The term in A has been omitted since the wire diameter is much less than

A so that self-fields are not important. le is thus determined as a

function of k:

In the models treated in this section, the degree of depairing (and
thus the superfluid density) is uniform across the midplane of the
bridge. Physically, such an assumption is justified when vortex
formation (see section II.C.) is energetically unfavorable.
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Wl 2=1u )% a- &d )

where |wm|2 is the density of superconducting pairs in the absence of

fields or currents. Then the current density in the filament is:

3 = 2ely_|? % k(- k%) = 2env . (10)

The physical explanation of this result is that the current density is

the product of a carrier (pair) dénsity n and a velocity v As the

v elocity becomes large, pair-breaking occurs and the carrier density

decreases. Eventually, further increases in velocity lead to decreases

in the current density.

The maximum of the above function gives the depairing critical

current:
d
£i + 2 2u ce W
(D Bep, (2, .o . (11)
3773 ¢ 1273 7° A

We may write this as:

£

G B | a

373
where:
cd d
I = —2— (13)
® 8 nzlz

is a useful normalization current. Near the critical temperature, both

A and £ diverge as (1 - t)-1/2, so the critical current of a long fila-

ment has the temperature dependence:

2 After many years, the stability of the two superconducting solutions
under current bias is still a matter of active research. See, for

example, Kramer and Baratoff (1977).
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Ic(fil) « (1 - t)3/2 . a4

Note that this result is different from the temperature dependence

associated with a Josephson tunnel junction:

Ic(th) « -0l (15)

As we will see, some microbridges are found to have a junction-like
dependence, while others are characterized by a depairing or "bulk-like"
dependence (i.e. that of the infinite filament).

To apply these one-dimensional methods to microbridge structures,
it is necessary to impose boundary conditions at some finite length.
The simplest are rigid boundary conditions, in which the banks (see
fig. I-1) are assumed to experience no depairing whatsoever. That is,
the pair density lw!z at the ends of the bridge is required to equal
the zero-current pair density of the banks. Likharev and Yakobson
(1976a) have given a thorough discussion of this approach. The static
solutions for Y(x) may be expressed in terms of eiliptic functions, but
numerical calculations are required to obtain I(A¢) or V(I) relations
for the case of arbitrary length. If the bridge length L is much less

than the coherence length £, simple analytic solutions are found:

I= Icsin .Y (16)
- W__3/3 & _ (fil)
L= Ig- 1= L e an

Using the normal-state resistance of the bridge region, one can define

a characteristic voltage:

v =I'=—c—¢‘L—N635LV(T-T) (18)
c cRN 8 1T2)‘2 v K ‘e
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where p is the normal-state resistivity. We have used the dirty-limit
formulas, appropriate when the electron mean free path £ is much less
than the coherence length and the bridge dimensions, to obtain the last
expression. Note that Vc is independent of material, as well as di-
mensions, as long as £ << L << g, Interestingly, both the form of the
I(Ap) relation and the magnitude of Ic exactly match the static results
for Josephson tunnel junctions for T % Tc. This fact is one of the
strongest arguments in favor of the universality of Josephson-effect
behavior among weak links which are well-localized in space.

Using numerical methods, LY(1976a) also obtained the I(Ap) relations
appropriate to longer bridges. Examples are reproduced in Fig, II-1.
As the bridge is made longer, the I(A¢) relation becomes more and more
skewed, eventually becoming reentrant at L = 3.5&. The critical
current decreases smoothly to approach the constant value of the one-
dimensional filament. The characteristic voltage, however, increases
monotonically, becoming proportional to the length for very long bridges.

From the work of Aslamazov and Larkin (1969), we know that the
short-bridge results given above are generally associated with sharply
localized depairing, and do nof reflect peculiarities of the rigid
boundary conditions. By assuming that the gradient term must dominate
the GL equation for microbridges which are sufficiently small, AL (1969)
were able to obtain a sinusoidal I(A¢) relation with Vc = 635 pV/K with-
out adopting any explicit geometry for the constriction. One slight
difference between the conclusions of AL (1969) and LY (1976a) occurs
in the definition of the resistance. AL (1969) use the normal-state

resistance of the constriction as a whole, including the resistance of

the banks, while LY (1976a) use the resistance of the bridge region
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FIG II-1. Normalized cﬁrrent as a function of phase differencg
| (after Likharév (1976a)), | The I'(A¢) relationship is nearly
sinusoidal for L/E(T) = 1, but becomes increasingly skewed for
longer bridges. This calculation, made under the assumption of
rigid boundary conditions, predicts that the I(A¢) relation be-

comes multivalued for L/ &T) - 3.5.
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alone. In fact, one should probably use an intermediate value, including

the resistance of whatever portion of the banks undergoes significant

depairing. Within the two-fluid picture which gives rise to the RSJ
model, this resistance should be experimentally accessible as the
minimum differential resistance of the V(I) curve at finite voltage.

The filament model with rigid boundary conditions does not consider
depairing or phase gradients in the banks, though such depairing is

likely to be important when the bridge region is short (L << W) or when
the banks widen only gradually. The role of bank depairing has been
theoretically investigated by Volkov (1973), Kulik and Omelyanchui (1976),

and Mooij and Dekker (1978). Volkov considered (two-dimensional) hy-

perbolic planar structures, obtaining analytic results appropriate for

Lo ) Y 3 MO Rt
L ST L R R S DA T e RN T
AT

3

very narrow bridges (W << £), and Kulik and Omelyanchuk obtained similar

7,

results for (three-dimensional) hyperboloidal structures with axial

-

e

symmetry. Mooij and Dekker combined analytical approximations and

numerical methods to calculate the properties of both two- and three-
dimensional constrictions. For planar hyperbolic structures, the di-
mensions are the width W, the film thickness d (assumed to be << W),
and the asymptotic angle filled by one bank zemax' For the three-
dimensional hyperboloids, the diameter W and the asymptotic angle
emax are the only two dimensions.

Mooij and Dekker found the full solution of the two-dimensional

GL equations too awkward, even by numerical methods, so several ap-

proximations were used in the model. In addition to neglecting the

Since the three-dimensional structure has axial symmetry, it also
involves two-dimensional equationms.
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vector potential term, they assumed that:

(1) The direction of current flow at all points in the bridge was the
same as it would be if the bridge were in the normal state. (The
magnitude of the current was allowed to vary however.)

(2) The gradients of ¥ perpendicular to the current flow were negli-
gible.

In this way, the bridge was divided into a number of arbitrarily

narrow, microbridge-like channels. The one-dimensional equation for

each channel was then solved, including nonlinear terms, and the solu-
tions were chosen which led to self-consistency with the above approxi-

mations. Good self-consistency was obtained when:

W <
asz————7 ~ 0.5. (19)
2&sin(6 x)

For the three-dimensional constrictions with a < 0.1, the critical
current was found to agree with the junction-like behavior of AL (1569),
using the total resistance of the infinite structure. For wider three-
dimensional constrictions, the critical current density smoothly approached
the infinite filament result. (Due to the nonuniform current distribu-
tion, the total critical current was found to depend on emax as well as
Wd.) The I(A¢) relation was found to be sinusoidal for narrow bridges,
becoming reentrant for a > 1.

The critical current for the two-dimensional constriction was

found to be well-approximated by:

8
max (20)

c @ arcsinh (1/2)

for all values of a in the self-consistent range. This agrees with
the analytic result of Volkov (1973) for small a. It is interesting

to note that the characteristic voltage Vc = IcR agrees with that of
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AL (1969) if only the resistance within a length-g of the bridge midline
is included. The I(A¢) relation is difficult to define for a two-
dimensional constriction, because the total phése change includes the
phase gradients in the banks and therefore diverges logarithmically as
the measurement point is moved out to infinity. One possibility is to

subtract out the phase difference which would occur in the absence of

depairing, i.e.:

® 1 1
Ay = J J. ( - )de . (21)
- te R T I R

By this definition, the I(p¢) relation found by MD (1978) for small a
is skewed to the left, peaking at a value less than A¢ = 7. A sinusoidal
I(Ad) relation is obtained if only the phase winding within a length £
of the midline is included: |
£/2
* Jg

+e* o]?
—&/2

as . (22)

In brief, the critical current and net I(A¢) relation of a small,
hyperbolic planar constriction may be calculated as though it consisted
of a core of length & with ideal Josephson behavior, connected to rigid
banks which experience no depairing. It should be remembered, however,
that the actual spatial dependence of |w|2 and ¢ is quite different.
II.B.2 Dynamic Behavior

The discussion so far has centered on the static, or time-independ-
ent, behavior of microbridge structures. As in any system maintaining
superconducting phase coherence, this static state is equivalent to the
zero-voltage state. To be.more precise, the potential of the supercon-

ducting pairs must be uniform in space if the superconducting phase is
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to be constant in time. Conversely, finite voltages are associated

with finite rates of phase variation according to the Josephson rela-

tion:

% —dﬁﬁ—L = 2eV (23)

where A¢, as before, represents the phase difference between two
points and V represents the difference between the pair potentials of
the points. The equation holds quite generally, as long as local equi-~
librium permits definition of the pair potential.

The simplest way to incorporate time dependence into weak 1link
behavior is to treat the static I(A¢) as instantaneously valid. To
account for the quasiparticle current which appears at finite voltage,

one may introduce the two-fluid ansatz:

- v
Itot = I(A¢) + E ‘(24)

By assuming a simple sinusoidal form for the I(A¢) relation, one arrives

at the most widely applied model of weak link dynamics, the Resistively-

Shunted Junction (RSJ) model.

The RSJ model is the basis of most of our qualitative understand-
ing of Josephson elements in ac circuits, and it has often been applied
in a quantitative fashion as well. Substituting a time-independent
voltage into the RSJ equations (23) and (24) one easily displays the

well-known Josephson current oscillations:

0 | <t

Itot(r) =3+ I, sin (21£51) (25)

where the frequency of oscillation is:

2e
= £y, 2
fJ h (26)

The proportionality constant is 484 MHz/uV, and typical experimental
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frequencies are on the order of 10 GHz and above. In practice, it is
impossible to obtain perfect constant-voltage bias for the enormous
range of frequencies involved, while good constént—current bias is
easily achieved by providing a high source impedance at low frequencies
and using inductive leads. The RSJ model predicts that constant-
current bias will lead to voltage oscillations with high harmonic con-
tent, at a frequency given by eq. (26) applied to the time-averaged
voltage v. In the present work, we have not measured the time-
dependent voltage directly, but have drawn our conclusions from measure—

ments of the time-averaged or dc component.

The time-averaged V-I curves predicted by the RSJ model are shown
in Fig. II-2. (In part (a), I is plotted versus the dc voltage bias,
while in part (b), V is plotted versus the dc current bias.) Note the
substantial differences between the voltage-biased and current-biased
curves. This strong dependence on source impedance may be viewed as a
reflection of the "extra' variable in the system, the superconducting
phase difference. In general, ac source currents and reactive source
impedances lead to a very complex problem requiring numerical solution
or analog simulation. (See, for example, Auracher and Van Duzer (1973)
or Claassen and Richards (1978).) The simplest cases involving ac
sourcés are those in which a perfect voltage or current source pro-

duces a sinusoidal ac signal superimposed on the dc bias:

I (D=1, + T sin(2nf1). (26a)

Due to the low resistance typical of microbridges, the current-biased
case is usually more relevant to the actual experiments. Numerical

and simulator solutions for this case have been obtained by many workers,
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FIG. II-2. Current-voltage characteristics predicted by the
resistively-shunted junction (RSJ) model. (a) Time-averaged
c'urtent as a function of dc voltage bias (b) Time averaged volte
age V as a function of dc bias current I. The difference be-
tween the voltage-biased and current-biased curves reflects the

presence of an ertra variable, the superconducting phase dif-

ference ¢, in the problem.




28

including Russer (1972) and Henry et. al. (unpublished). As shown in
Fig. II-3, constant-voltage plateaus are induced in the time-averaged
V(I) characteristic when the Josephson oscillafions are in resonance
with the ac source signal. These are called Shapiro steps or simply
microwave steps. The width (in current) of the step AIn depends on the
amplitude of the ac signal in a quasiperiodic fashion, shown in Fig. II-4.
Even the critical current, which may be viewed as the zeroth step,

shows the oscillatory behavior. To normalize the calculations, currents
are scaled to Ic’ voltages are scaled to Vc = IcR’ and frequencies are
scaled to fc = %E-Vc. Although the intrinsic bandwidth of the junction
is on the order of fc’ the bandwidth can be decreased by shunt capaci-
tance or series inductance.

The use of the RSJ model, described above, is founded on the
generality of the time-independent I(A¢) relation. In fact, a micro-
bridge biased at a finite voltage is undergoing periodic changes in the
value of the energy gap; the total density, energy distribution and
spatial distribution of the quasiparticles; and the density and dis-
tribution of phonons. When the operating frequency (proportional to
voltage) becomes high enough, the finite relaxation rates of these
quantities will become apparent, and the static I(A¢) will fajil. Time-
dependent I(A¢) relations can sometimes be introduced for some specific
range of operation (see, for example, Jensen and Lindelof (1976)), but
it is more common to solve directly for the V(I) curve. |

The relaxation of the order parameter has been widely studied

through the use of the time-dependent Ginzburg-Landau (TDGL) theory,

which is based on the equations:
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as predicted by the current-biased RSJ model. These curves are

computed for a normalized frequency % = 0.2,
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2
n (Rag ey - a- L)+ A (272)

% v |

3= ch_ W - W) - Fuso (27b)

2mi
T\ is the Ginzburg-Landau relaxation time and y is the electrostatic
potential. Gorkov and Eliashberg (1968) showed that these equations
should describe the relaxation of the order parameter in gapless super-
conductors, but the theory has been widely applied to ordimary super-
conductors as well. For gapless superconductors (strong depairing
limit), the GL relaxation time is:

12
Ty = ?: (28)

where the tunnel-junction or short-bridge result for fc is used. For
ordinary (weak depairing) superconductors, the numerical coefficient
is reduced to 5.79, but other terms should be included in the equations
as well (Baratoff and Kramer (1977)).

Likharev and Yakobson (1976b) studied the finite-voltage proper-
ties of superconducting microbridges using one-dimensional TDGL theory
with rigid boundary conditions. One striking feature of their results

is the universal high-~voltage asymptote:
V= (I -0.75 Ic) R. (29)
Neither the relaxation time nor the bridge length enters into this
formula, though the parameter:
. I _ L2 1
n=y I— = 21|'fc'l.'A (_g') I— (30)
c . c

determines when this asymptotic region is reached. LY (1976b) also
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obtained the V(I) characteristic for a short bridge biased at a current
just above Ic. The curve has a hyperbolic (RSJ-1like) shape with a

smaller effective resistance:
¥=a?-HYr @+ 5. (31)

This adjustment is likely to be diificult to observe experimentally.

To solve the TDGL equations for arbitrary bias currents, numerical
methods must be used. The most extensive calculations have been pre-
sented by Baratoff and Kramer (1977). By such direct calculations,

BK (1977) showed that previous work by Jensen and Lindelof (1976) has
overestimated the range of applicability of the analytiec approximations.
BK (1977) also discovered that extremely long relaxation times (not pre-
dicted by any microscopic theory) could lead to hysteresis in the V(I)
curve at the voltage onset. Such long relaxation times reduce the
amplitude of the Josephson oscillations at high frequencies, so the
hysteresis may be analogous to that produced by shunt capacitance in

the RSJ model (McCumber (1968), Stewart (1968)).

I11.C Vortex-Flow Models of Microbridge Behavior

The earliest experiments performed on superconducting micro-
bridges (see Parks and Mochel (1964), Anderson and Dayem (1964)) were
explained in terms of motion of flux vortices in the bridge. Flux
vortices in a thin film consist of a cylindrical region of zero-gap
material, sometimes cailed the '"mormal core', through which the magnetic
flux b penetrates, surrounded by circular currents which screen out the
field in the rest of the superconductor. Under the influence of the
transport current in the microbridge, these vortices experience a

Lorentz force which drives them across the bridge. When a vortex
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carrying total flux ¢ crosses the bridge, the phase of the pseudowave

function must change by an amount:

s() = 21 3~ (2)
(o]

where

¢ = he _ 2.07 x 10-7 gauss-cm2 (33)

o 2e

is the flux quantum. Since the rate of phase change is proportional to
the voltage across the bridge (eq. (23)), we conclude that a bridge con-
taining moving flux vortices will sustain a finite voltage, implying
power dissipation IV. This dissipation will actually take place in and
around the vortex cores, where quasiparticle currents flow when the
vortices move.

The physical reality of vortex flow in large, thick, type-I
(AGL < gGL/ vV2) microbridges has been graphically demonstrated by
Chimenti and Huebner (1977), who used magneto-optical techniques to
visualize the vortices. For type-II materials or sufficiently thin
films of type-I materials, however, the vortex-wall energy is negative,
so the smallest vortices possible, those carrying a total flux ¢ = ¢o’
are the only ones which are stable. These type-II vortices are too
small to visualize by magneto-optical means, so supporting evidence
for vortex flow has been indirectly obtained from V-I characteristics.
In interpreting the V-I curves, some workers (e.g. Guthmann et. al.
(1974), Klapwijk et. al.(1977a)) have used models based on pinning-

limited vortex flow, which is probably inappropriate for small micro-

The critical film thickness for type-II behavior is difficult to com-
pute exactly. Typically, experimental values are on the order of
the coherence length.
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bridges. Simple models of pinning-limited vortex flow yield a finite
%l;" at the voltage onset. Unfortunately, the more sophisticated models
described below yield V(I) curves much more similar to those predicted
by the uniform—depairing models discussed in the previous section.

Figure II-5 shows schematically the structure of a vortex in a
thin film of infinite extent. In more complex topologies, involving
finite films and/or thickness variations, vortices may lose their
circular symmetry. The region of currents and magnetic fields is
characterized by a dimemnsion Aeff z max {2, A }, while the region of
reduced superfluid density is characterized by the coherence length &.

Coherent vortex flow can give rise to ac effects reminiscent of
the ac Josephson effect. For example, if a chain of vortices, each
carrying one flux quantum, moves coherently across the bridge, an ac
voltage at the frequency f = (2e/h)V will be generated (cf. eq. (26)).
Furthermore, an ac component of the bias current can synchronize vortex
motion or nucleation, producing constant-voltage steps similar to the
microwave steps discussed in the previous section.

For strongly type-II materials (AGL/ &L > i) or very thin films,
the normal cofe is relatively small and may be neglected for some cal-
culations. Then n is constant everywhere and the supercurrent con-
servation equation:

S ->

implies:
v2¢ = 0 (35)

vV.%X=o0. (36)







