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ABSTRACT
Electron Quantum Interference in Small Metal Wires and Loops
Venkat Chandrasekhar
Yale University

1989

The interference of electron waves scattered off impurities in a disordered metal
gives rise to quantum corrections to the classical Drude resistance. These quantum
corrections have been investigated in thin film samples whose dimensions are on the
order of the electron phase coherence length 2¢, which can be a few microns at 1 K.
The films were prepared by thermal evaporation onto substrates previously patterned
by electron-beam lithography, and were measured using a four-point bridge technique
in a perpendicular magnetic field at liquid He4 temperatures.

Quantum interference effects in these samples are strongly influenced by the
measurement probes. In experiments on short Ag wires with different probe
configurations, both the shape and the magnitude of the weak localisation
magnetoresistance are found to be dependent on the specific probe configuration.
Similar effects are seen on conductance fluctuations in these samples. The theory of
weak localisation has been extended to incorporate the effects of the measurement
probes, and excellent quantitative agreement with experiment is obtained.

Measurements of single normal metal loops have been performed in search of
Aharonov-Bohm magnetoresistance oscillations. Oscillations of period hc/2e and hc/e
are observed in single rings of Al, Ag and Au. Quantum interference effects in these

loops are also found to be strongly affected by the measurement probes. In addition,



the effect of magnetic scattering on the Aharonov-Bohm oscillations in single Ag
loops has been investigated. It is found that a small amount of surface Co impurities
suppresses the hc/2e oscillations, but leaves the hc/e oscillations unaffected. These
results are discussed in terms of the current understanding of electron dephasing in

disordered metals. .



1. Introduction

Sixty years after the discovery of quantum mechanics, we are still surprised at
rhenomena which are essentially quantum mechanical in nature, more so when these
phenomena occur in as well studied a subject as the electrical transport of normal
metals. In the decade since the prediction and verification of electron localisation in
normal metals [Bergmann, 1984; Lee and Ramakrishnan, 1985], the number of quantum
corrections to the classical Drude theory of electron transport has grown to include,
among other effects, the Aharonov-Bohm effect [Stone and Imry, 1986; Aronov and
Sharvin, 1987] and conductance fluctuations [Stone, 1988; Imry, 1986]. As in other
branches of physics, these quantum corrections are observable only in systems whose
dimensions are comparable to some microscopic length scale. For electrons, these
length scales are small, and the observation of these effects is only made possible by
the recent ability to fabricate metal structures on the scale of nanometres [Howard
and Prober, 1982; Rooks et al, 1987]. Even with such small devices, these effects are
difficult to observe. More recently, with the fabrication of high mobility
semiconductor structures in which quantum length scales can be tens of micrometres
[Timp et al, 1987], effects on the order of the resistance of the sample have been
observed, making feasible the practical application of phenomena that, just a few

years ago, were of purely academic interest.

1.1 Quantum Interference

The introduction of randomly distributed impurities changes the electrical



characteristics of a metal. In the semiclassical theory of electron conduction, these
impurity sites act solely as elastic scattering centres for the delocalised electrons,
with no correlation between different scattering events from the same impurity, or
scattering events from different impurities. In reality, however, an electron wave
scattering off an impurity produces partial waves which can interfere coherently
amongst themselves, and it is this interference that leads to corrections to the
classically expected behaviour [Khmelnitskii, 1984]. The size of these corrections is
strongly dependent on the length over which the waves can retain phase memory:
The shorter this length, the smaller the interference effects.

So far, what we have said can apply to the propagation of any wave phenomenon
in a disordered medium; indeed, the effects of this coherent interference have been
observed in a number of different systems, ranging from light propagation in liquid
suspensions of small polystyrene balls [Van Albada and Lagendijk; Wolf and Maret,
1985] to the propagation of acoustic waves in piano wire [He and Maynard, 1986).
Electron waves have particular properties that distinguish them from other waves.
First, electrons carry charge, and so any correction to the classical behaviour of a
metal due to interference is immediately observable in the resistance. Second, the
phase of an electron is sensitive to a magnetic field [Aharonov and Bohm, 1959]: by
application of an external magnetic field, one can change the phase difference
between different paths in a metal. This changes the interference pattern, and
therefore the resistance. The length over which the electrons retain phase memory,
which we shall denote by 2¢ (and variously call the electron phase coherence length
or the electron phase breaking length), is as short as a few micrometres, even at

liquid helium temperatures. This is the parameter that sets the length scale for



electron interference. Therefore, in order to see electron interference effects, we

need devices whose dimensions are comparable to this length.

1.2 Weak Localisation

Historically, weak localisation was the first quantum interference effect to be
investigated. Thouless [1977] and Abrahams et al [1979] predicted that the
localisation of electrons induced by the presence of disorder would, at low
temperatures, lead to an increase in the resistance of a metal over the residual
resistance due to impurity scattering. Early experiments on weak localisation
attempted to observe this increase in resistance. However, due to the presence of
electron-electron interaction effects, which also give rise to an anomalous increase in
the resistance, the results of these early experiments were not unambiguous [Giordano
et al, 1979; Masden and Giordano, 1982]. Later, it was recognised that the sensitivity
of the weak localisation correction to external magnetic fields provided a way to
separate these two contributions to the resistance. Since then, numerous experiments
on thin films and wires have demonstrated unambiguously the presence of a quantum
correction at low temperatures, in detailed agreement with the quantitative predictions
of the microscopic theory of weak localisation [Lee and Ramakrishnan, 1985). In fact,
weak localisation has now established itself as a versatile tool to probe the dynamics
of electrons in disordered metals. Experiments of thin films and long narrow wires
have been used to verify predictions for electron-electron scattering rates and
electron-phonon scattering rates [Santhanam et al, 1987], and are now being used to
investigate the Kondo effect [Bergmann, 1986, 1987; Bergmann et al, 1987; Van

Haesondonck et al., 1987)].



13 Conductance Fluctuations and the Aharonov-Bohm Effect

The experiments described above were carried out on macroscopic metal films
and wires, samples for which at least one dimension was much longer than 84 As
new technology permitted the size of the devices to be reduced to lengths comparable
to or less than £g, in the so-called "mesoscopic” size regime, further new effects
were observed.

The first experiments on such mesoscopic samples were intended to verify
predictions about the Aharonov-Bohm effect, the periodic oscillation in the
conductance of a loop with the magnetic flux through the loop. Aharonov-Bohm
oscillations of two different periods in flux had been predicted: those of period
hc/2e, and those of period hc/e. Aharonov-Bohm oscillations of period hc/2e had
already been observed in metal cylinders for which the height of the cylinder was
much longer than 2¢ [Sharvin and Sharvin, 1982). However, no periodic oscillations
were observed in the first experiments on metal cylinders with height much smaller
than 2¢, i.e, single loops. Instead, aperiodic fluctuations of the conductance were
found [Umbach et al., 1984; Skocpol et al., 1984; Blonder et al., 1984]. These
"conduction fluctuations" are now known to be ubiquitous in mesoscopic samples, and
have became a subject of interest in their own right {Washburn, 1988; Kaplan and
Hartstein, 1988]. We shall discuss them in detail in this thesis.

Soon after the first observation of conductance fluctuations, Aharonov-Bohm
oscillations of period hc/e and hc/2e were also observed in single metal loops. Webb
et al. (1985) were the first to observe oscillations of period hc/e in single loops of

Au. Subsequently, oscillations of both periods were observed in single loops of Al and



Au [Chandrasekhar et al, 1985]; some of these experiments are described in this
thesis. The Aharonov-Bohm effect is perhaps the clearest illustration of quantum
interference in mesoscopic systems, and its observation clearly confirmed the physical

picture of quantum interference in disordered metals.

1.4 Mesoscopic Systems

The general qualitative features of conductance fluctuations and the Aharonov-
Bohm effect in mesoscopic systems have now been well confirmed by experiment.
There are two problems, particular to mesoscopic systems, which make a detailed
quantitative analysis difficult.

First- until recently, quantitative agreement between the experimentally observed
data from mesoscopic samples and the available theories of weak localisation and
conductance fluctuations was not at the same level as it was for weak localisation in
macroscopic samples. This was because these theories did not take into account the
effects of the measurement probes of the sample. In mesoscopic systems, due to the
nonlocal nature of quantum interference, the measurement probes strongly affect the
measurement of all quantum interference effects. Attempts to measure quantum
interference phenomena at a single point measure instead a region of size £4; in
mesoscopic systems, this region includes the measurement probes outside the
lithographically defined sample. The properties of the probes therefore show up in
the measurement. Recent experiments on conductance fluctuations [Benoit et al., 1987,
Skocpol et al.,, 1987] have shown that the measurement probes can have large effects
on quantum interference in mesoscopic samples. In these experiments, conductance

fluctuations of amplitude much larger than the predicted "universal" value of e2/h



were seen. Similar anomalous results had been observed earlier in weak localisation
in short metal wires [Masden and Giordano, 1982). These results could not be
understood quantitatively on the basis of theories of conductance fluctuations and
weak localisation available at the time, which did not take into account the effect of
measurement probés.

Second, for a quantitative comparison to theory, one must be able to reliably
determine the electron phase coherence length 2¢. In a normal metal, the only way
to infer £4 is to fit the low field magnetoresistance to the standard theory of weak
localisation. As mentioned above, for macroscopic samples such as thin films and long
wires, this works remarkably well. For mesoscopic samples, a mesoscopic theory of
weak localisation is required. Until recently, no such theory was available.

Both these problems were encountered during the early part of this thesis work,
which involved a successful effort to observe Aharonov-Bohm oscillations in single
loops. It was found that the macroscopic theory of weak localisation and the hc/2e
Aharonov-Bohm effect did not quantitatively describe the data from these samples,
and, if one insisted on fitting the data to these theories, the phase coherence lengths
so inferred did not agree with previous studies on similar films. At the time these
experiments were done, the effect of measurement probes on mesoscopic systems was
not fully understood. Experiments on loops of different sizes, however, did show that
the problems were more acute in smaller loops, and these results led us to investigate
the simpler case of short wires, where similar results were found.

Sometime before, the anomalous results on conductance fluctuations mentioned
above had initiated a flurry of theoretical activity (which still continues) aimed at

extending the theory of conductance fluctuations to account for the effect of the



measurement probes [see Stone and Szafer, 1988, for a review]. These studies were

generally successful in explaining the behaviour seen in the mesoscopic devices. For

the case of weak localisation, the theory of mesoscopic systems with probes has

recently been developed; some of that work forms a part of this thesis, and will be

discussed in Chaptt;:r 2. This theory has been successful in explaining the data from

our short wires, and provides a means of determining the phase coherence length self-
consistently from magnetoresistance data mesoscopic samples.

The major part of this thesis is devoted to an attempt to develop a quantitative
understanding of quantum interference in the short metal wires and loops we have
measured, in light of the recent developments in the theory. We shall try to apply
our knowledge of weak localisation and electron scattering mechanisms in macroscopic
systems to better understand the physics of quantum interference in mesoscopic

systems.

1.5 Overview of this Thesis

In the following chapter, after a brief review of the quantum field theory
description of conductivity, we derive the localisation correction for a number of
mesosconic systems. A discussion of the theory of conductance fluctuations follows.
We then discuss in detail the mechanisms which lead to the dephasing of electrons,
with particular attention to the differences between dephasing mechanisms for weak
localisation and conductance fluctuations. In Chapter 3, details of device fabrication
and measurement are described. Chapter 4 deals with the experimental study of the
effect of measurement probes on weak localisation and conductance fluctuations in

short metal wires. Chapter 5 is concerned with the experimental results on the



Aharonov-Bohm effect in single loops. In Chapter 6, we compare our results with
other work on quantum interference in mesoscopic systems and Chapter 7 contains a

summary of our results and conclusions.



2. Theory

The quantum effects that are ihe subject of this thesis arise from the
interference of electron waves scattered from randomly distributed impurities or
defects. Conceptually, it is not difficult to include scattering due to random
impurities in a description of the electron gas- we only need know the position of
each impurity. Practically, however, it is neither possible nor desirable to know the
position of each of the large number of impurities present in a typical metallic
sample, and some sort of statistical description of the impurity distribution is needed.
One way of doing the statistics is provided by impurity-averaged perturbation theory
[Abrikosov and Gorkov, 1959], the formalism we shall use here to describe the
theoretical results on quantum interference in disordered metals. A detailed
description of this technique can be found in a number of textbooks, and will not be
repeated here [see, for example, Abrikosov er al, 1975; Rickayzen, 1980]. The
description of the electrical conductivity in this technique not only provides an
elegant quantum mechanical derivation of the classical Drude formula, it also predicts
a number of quantum corrections [Altshuler ef al, 1982], the most extensively studied
of these being weak localisation. However, due to the very nature of the impurity
averaged formalism, calculations of the electrical conductivity are not able to predict
interference effects which depend on the specific impurity arrangement in the metallic
sample, effects such as conductance fluctuations and the hc/e Aharonov-Bohm effect.
For sample specific effects, one needs to calculate higher moments of the conductivity

[Altshuler, 1985; Lee and Stone, 1985]. One of the successes of impurity averaged



perturbation theory has been its ability to make unambiguous quantitative predictions;
frequently, these predictions have preceded a full physical understanding of quantum
interference phenomenona.

In this chapter, after a brief overview of the theory of electrical conductivity in
the field theory formalism, we shall first discuss weak localisation in the absence of
an external magnetic field and spin-dependent scattering, deriving the weak
localisation correction for different sample geometries. Next, we shall briefly go over
the theory of conductance fluctuations. The last part of the chapter deals with
different electron scattering mechanisms. In that section, we shall first deal with
electron-electron and electron-phonon scattering and their effect on quantum
interference. We shall then discuss spin-dependent scattering mechanisms and their

effect on weak localisation and conductance fluctuations.

2.1 Electrical conductivity
The propagation of an electron from a point r to a point ¥ is described by the
Green’s function

G(r,r’) = -(i/R)<TY(x)¥t(x")> (2.1)

the diagram for which is shown in Fig. 2.1a. Here T is the time-ordering operator,
and the ¥’s are the field operators for the electrons [Rickayzen, 1980]. For free
electrons, the electron wave function ~ei(k‘r'Ekt/ )
electron and Ey, its energy. With the introduction of random impurities, an electron,
on average, can travel for only a time 7 before being scattered elastically by an
impurity. This introduces a finite lifetime in the electron wavefunction,

(kr-Ext/R)t/T Diagrammatically, this is depicted by graphs similar to Fig. 2.1b,

10

, where k is the momentum of the
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11

Y

Figure 2.1 (a). Real space Green’s function of a free electron. (b). Green’s function
of an electron in the presence of random electrostatic impurities. Dashed lines
represent the impurity interaction. (c). Graph for the electrical conductivity.
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Figure 2.2 (a). The conductivity graphs with impurity scattering. (b). Momentum

space representation of the maximally crossed diagrams, the weak localisation graphs.
(c). The series for the Cooperon C(Q,), also called the particle-particle propagator.

12
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where the dashed lines denote scattering by an impurity. In this formalism, the
electrical conductivity in the absence of impurity scattering is given by the diagram
in Fig. 2.1c. Impurity scattering can be introduced by drawing impurity lines (as in
Fig 2.1b) in all possible ways. Examples of three different types of graphs that result
from introducing irfxpurity lines are shown in Fig. 2.2a. (In order to avoid cluttering
the figure with impurity lines, each single line in Fig. 2.2a actually represents the
Green’s function in the presence of impurity scattering, (Fig. 2.1b)). The total
conductivity is given by a sum of all such graphs. The first graph in Fig. 2.2a has no
impurity lines connecting the particle and hole propagators. The second graph does
have impurity lines connecting the two propagators, but these impurity lines do not
cross each other. The first graph and the sum of all graphs similar to the second
give the semiclassical Drude formula for the conductivity [Abrikosov et al., 1959].

The third class of graphs have crossed impurity lines connecting the particle and
hole propagators. These are the graphs which give the weak localisation contribution
to the conductivity [Gorkov et al, 1979]. Due to the crossing of the impurity lines,
the contribution of this class of graphs is 1/kp€ smaller than the first two graphs,
where kg is the Fermi momentum, £=vg7 the elastic mean free path and vg the Fermi

velocity. Because of this, they were ignored in the first calculations of the

conductivity [Abrikosov et al, 1975].

22 Weak Localisation: The Diffusion Equation
For actual calculations, it is more convenient to represent the diagrams in
Fourier space. The sum of the third class of conductivity graphs of Fig. 2.2a in this

representation is shown in Fig. 2.2b. The kernel C(Q,0) is called the Cooperon, in
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analogy to the superconducting case. To evaluate C(Q,w), it is convenient to reverse
the direction of the lower Green’s function, which describes the propagation of a
hole, converting it into a particle propagator. This can only be done in the absence
of any interactions which break the time-reversal symmetry between the particle and
hole. The result is a geometric series, the ladder graphs (Fig. 2.2c).

The series in Fig. 2.2c can be summed to give

1 1
2AN(O)T DQ4T - iwT °’

cQ,w) (2.2)

where D = (1/3)vgf is the diffusion constant and N(0) the electron density of states
at the Fermi energy. The correction to the conductivity Ao is obtained by summing
over all values of Q,

2e2D 2¢2p s 1

% a DQ¢ - iw °

AO(w) =~ - 2N(0)72 I C(Q,0) = - (2.3)
Q

We shall define the sum in the last expression as C(r,r;t,t) where C(r,r;t,t’) is the
solution of the equation

( g—t- - Dv2 ) C(r,r’;t,t') = 6(r-r’)8(t-t"). (2.4)

By expressing the delta functions in terms of the free electron eigenfunctions of the

i(Q.r-wt)

problem, e , one can get an eigenfunction expansion for C. Then, by setting

r=r and t’=t, one obtains the sum in Eq. (23). C(r,r’) is the probability that an

electron at r will diffuse to r’; C(r,r) is the probability that it will return to the

origin, and is therefore a measure of the probability that it will remain localised at r.
Before we go any further, we need to include the effects of an external

magnetic field and electron phase breaking. The effect of an external magnetic field

H on an electron is to transform the momentum k of the electron to k-eA/c, where
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the magnetic vector potential A is related to the magnetic field H by H=curlA. The
vector Q in Eq. (2.3), which is the sum of two such momenta, changes to Q-2eA/c,
and -v2 in Eq. (2.4) correspondingly changes to (-iv-2eA/c)2. To take into account
the effects of electron-phonon and electron-electron scattering, one also introduces
phenomenologically a rate T¢'1 into the denominator of the sum in Eq. (2.3), which
now becomes DQ2-iw+ 'r¢'1 [Altshuler et al, 1980]. 7g is related to the electron
phase breaking length £4, introduced in the previous chapter, by the equation
2¢2=DT¢. Finally, since we are interested in the static conductivity, we set w=0.
Putting all this together, and remembering our #’s, we obtain the weak localisation
correction to the conductivity

2¢2p 3
A0 = - v C(r,r)d”r, (2.5)

where C(r,r’) is the solution of the diffusion equation

[(-iV - (2eA/#c))2 + 8472] C(x,x*) = &(x-x"')/hD. (2.6)
Note that Ao as defined above is essentially an average of C(r,r’) over the volume V
of the sample [Altshuler et al, 1984].

With these two formulae, we have, at least conceptually, a simple recipe to
determine the weak localisation correction for any metal sample: Solve Eq. (2.6) with
boundary conditions appropriate to the sample geometry and put the result into Eq.
(2.5). In practice, the solution of Eq. (2.6) for arbitrary sample geometry is not
trivial, and can be found analytically only for a few simple cases. One thing to note
is that, in the absence of a magnetic field, 2¢ is the only length scale in Eq. (2.6),
and is therefore the length that determines the dimensionality of the localisation
problem. We shall see this explicitly in the next section, where we shall derive the

localisation correction for one-dimensional (1D) systems, i.e., metal wires whose
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thickness t and width W are much smaller than B¢.

23 Weak Localisation in One Dimensional Systems
.3.1 One Dimensional Systems Witho obes: Wire and Single oo
To illustrate the method, consider the weak localisation correction for the
simplest 1D case- a long narrow wire of length L (> >2¢), width W and thickness t, in
a perpendicular magnetic field [Altshuler and Aronov, 1981]. The geometry is defined
in Fig 2.3. The magnetic field points towards the positive z axis, H=H 2. We
choose the gauge A=Hx §. The boundary condition on an insulating boundary is

given by
[ -iv, - (2eAn/ﬁc) ] C(x,xr’) = O, 2.7)

where v, and A, are the components of the appropriate vectors normal to the
surface. Physically, this is just the condition that at an insulating boundary, there
can be no current normal to the surface. We impose the additional boundary
condition that C(r,r’)=0 at the ends of the wire which are connected to the current

and voltage contacts. Putting A into Eq. (2.6), we obtain

2 et
92 4 24 2eHx a4 + 2eHx . 1 Cr,r’) = S(r-x 2. (2.8)
e dy fic 2¢2 #D

The second and third terms in the LHS in the equation above are treated as
perturbations. The eigenfunctions of this equation in the absence of these
perturbations which satisfy the boundary conditions are

V(x,y,z) = (8/Lwt)l/2 cos (Qux) cos(Qyy)eos(Q,z) (2.9)

where the Q vectors are quantised by the boundary conditions into

Qe = (2Mm/W), Qp = (2Tn/L), Q, = (2Mp/t), (2.10)



HI

v

Figure 2.3. Geometry for the calculation of the localisation correction for a long
wire.
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and m, n and p can take on the values 0, 11, 12,.. The perturbations are calculated
to first order. This means that our results will only be valid at small magnetic fields
[Santhanam, 1985]. The second term in Eq. (2.8) gives zero since it is odd in x and
the eigenfunctions are even in x. The first order contribution from the third term is
combined with 2¢ to give a field dependent 2¢ defined by

g(H)"2 = 0472 + (1/3)(WeH/hc)?2. (2.11)
After integrating over the volume, the localisation correction can then be written as

1

1
— 3 —
LWt o Qe + Qyf + Q% + Ly(H)

2
AC = - %%— (2.12)

If W and t are much smaller than 2¢(H), we need take only the m=0 and p=0
contributions in the sum over Q, and Q,. What is left is a 1D sum over Qy. Thus,
2¢ determines the dimensionality of the contribution. If L> >2¢, we can convert the

sum to an integral and obtain

2 g4(H)
e? 1 dQ}' € ¢(
ooy - Sy i [ == T we )
Qy + by T t

This is usually written in terms of the fractional change in resistance (AR/R)=-(Ac/0)

AR (H) Rg  fg)
- : (2.14)
R (th/e?) W

Rg=(1/0t) is the sheet resistance of the wire and (m‘z/e2)=12.9 kl is a fundamental
unit of resistance. Putting in some typical parameters, Rq=1 1, £4=1 pm and W=0.1
pm, gives AR/R~8 x10-4, This, as noted before, is a small correction.

If we take the two ends of our wire and put them together, we form a loop.
The weak localisation contribution for this case was first derived by Altshuler,

Aronov, and Spivak (AAS) [1981]. They obtained



brR(H) Rg 2y sh[8/8g(M)]
- ' (2.15)
R (Rh/e2) W ch[S/8g(H)] - cos(2nd/¥g)

where S is the perimeter of the loop, ¢ is the magnetic flux through the area of the
loop, 5 = hc/2e is the superconducting flux quantum, and sh and ch are the
hyberbolic sine and cosine functions respectively. The resistance of the loop
oscillates with the applied magnetic flux with a period $g: this is the Aharonov-
Bohm effect of period hc/2e, which is essentially a weak localisation effect. We shall
refer to this as the AAS hc/2e Aharonov-Bohm effect, to distinguish it from the
conductance fluctuation effect to be discussed later. In the limit of large S, the

oscillations are suppressed and we regain the long wire result, Eq. (2.14).

2.3.2 One Dimensional Systems with Probes

In one important respect the two examples that we have looked at so far are
idealised systems: Both the long wire and the single loop have no measurement
probes attached to them. Experimentally, contact must be made to the rest of the
world by means of current and voltage probes, which are usually made of the same
metal as the sample itself, so it is not unexpected that the probes should affect the
measurement. When the dimensions of the sample are much greater than 2¢, the
probes, as we shall see, have little effect on the measurement, and thus Eq. (2.14)

describes well the localisation correction for a long wire. For the loop, whose

19

perimeter S must be comparable to 2¢ in order to see the Aharonov-Bohm effect, Eq.

(2.15) does not adequately describe the experimental results, and we must include the

effects of the measurement probes.

To do this, we follow the approach of Doucot and Rammal [1985, 1986], who
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(a)

Figure 2.4. (a). Geometry for the calculation of the weak localisation correction for
a 1D wire with probes. (b). Blowup of one end of the wire, showing the juncture of
the wire, the 1D probe and the 2D probe.
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derived the localisation correction for a network of 1D wires. We are interested in a
short 1D wire of length L and width W which has two measurement probes made from
the same material on each end. The geometry of the wire is shown in Fig. 2.4. One
of these probes is a one dimensional wire of width Wp and the other is a 2D film
which subtends an .angle 6 at the end of the wire. Both the probes are assumed to
extend to infinity. Within the wire and the 1D probe, the diffusion equation is one
dimensional. We shall initially work in zero magnetic field, generalising the result
later to finite field.

Instead of expanding C(r,r’) in terms of the eigenfunctions of the differential
operator as we did for the long wire, we solve Eq. (2.6) for C(r,r’) directly. For the
1D wire, C(r,r’) in the wire depends only on the coordinates x and x’ along the wire
[C(r,r")~C(xx’)], so we shall drop the remaining coordinates in the following
discussion. Let C, be the value of C(xx’) at one end of the short wire (x=0), Cj, the
value at the other end (x=L), and C, the value at the point x’, which is somewhere in
the middle of the wire. Between x=0 and x=x’, C(xx") obeys the homogenous 1D

equation
28] sty =0 (2.16)
dx £y ’ ’ ’

with the boundary conditions that C(xx’)=C, at x=0 and C(xx)=C, at x=x. The

solution of this equation is [Doucot and Rammal, 1986}
sh(x/2¢)
C(x,x') = Cach(x/2¢) + [Co - Cach(x'/2¢)] —_— (2.17)
sh(x'/2¢)
A similar solution can be found for the strand between x=x’ and x=L and for the two

1D probes on either end of the wire. For the 1D probes, however, since the length

of the probes is infinite, the boundary condition at the end of the probe farthest
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from the wire is irrelevant. This can be seen by setting x+ in Eq. (2.17), whereupon
the term containing C, (the value of C(xx’) at the end of the probe farthest from
the wire) vanishes.

Eq. (2.17) gives C(x,x’) in terms of C,; and Cy, which are still unknown and must
be determined by the boundary conditions at x=0 and x=L. The appropriate boundary
condition can be determined by integrating the diffusion equation over a very small

volume v around the point r

I (-V.9 + 2¢-2) C(r,r') dr - J é&%;sz d3r- (2.18)
v

The first term under the integral sign can be converted by the divergence theorem
into a surface integral. The second term can be neglected if the volume of
integration v is small in comparison to 2¢2t (t is the thickness of the film). For a
short wire of width W, with one 2D probe and one 1D probe (of width Wp) on each
end, the maximum volume of the integration region is Wth. Thus, when W and
Wp< <2¢, the second term can be neglected. The term on the RHS is zero if the
region of integration does not contain r, and unity if it does. Eq. (2.18) then

becomes
)

r,r’

- J vC(r,r') d%r - (2.19)
s

where the surface s encloses the volume v. Since the boundary condition Eq. (2.7)
still holds for the component of the gradient perpendicular to the surface of the
metal, the only contribution to the integral in Eq. (2.19) is from the component within
the plane for the 2D film, and along the 1D strands for the wires.

Let us now apply Eq. (2.19) at the point x=0, the juncture of the wire, the 1D

pad and the 2D film. The surface of integration is shown in Fig. 2.4b. The only



23
contribution to the integral comes from the three regions of the surface which are
shaded in Fig. 2.4b. The first is in the 2D film, and is part of the surface of a right
circular cylinder of radius r and height t. Over this surface, the gradient of C(r,r’)
is constant and has the value -(C,/r)/[In(28g2p/¢)] [Appendix I], where £4op is the
phase breaking length in the 2D film, which can be different from 2¢ in the 1D wire
[Santhanam et al., 1987], and £ is the elastic mean free path. Integrating over this
region of the surface then gives -6tC,/[In(2€gap/€)]. The value of vC(r,r’) over the
two other regions in the 1D strands can be calculated from Eq. (2.17). As before,
vC(r,r’) is constant over each of the two regions, and the surface integral just gives
the surface areas of each region, which are Wt and Wpt for the wire and the probe
respectively. Noting that the RHS of Eq. (2.19) is zero for the particular volume of

integration (since it does not contain r’), we obtain, after a bit of algebra,

Co

shix') Cy cth(x') ] - 0, (2.20a)

-Ca(nl + 772) + O [

where n1=6/[In(2¢gop/?)], n2=Wp/2¢, a=W/€4 and, to save space, the arguments of
the hyperbolic functions are written with respect to 2¢. This equation is the
equivalent of the network equations of Doucot and Rammal [1986]}, generalised to take
into account 2D components and 1D strands of different widths. Following Doucot
and Rammal, we call the small volume of integration a "node." Two other equations

are obtained from the nodes at x=x’ and x=L

Ca Cy £y
Colcth(x’) + cth(L-x")] - shix'y " shiixh) ~ 7o’ (2.20b)
and
Co
-Cph(ng + M) + @ [m‘ - Cp cth(L-x') ] = 0. (2.20c)
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Egs. (2.20) are three equations which can be solved for the three unknowns C,, C,
and Cp. Once we know C,, C, and Cp, we can determine C(xx’) anywhere in the
wire, using Eq. (2.17). In general, one can write such network equations for
geometries with any number of nodes. For N nodes (including the source node at x’),
we need to solve N linear equations in N unknowns. In complicated geometries, this
may not be possible to do in closed form.

For weak localisation we require C(x,x). This is just the value of C(xx’) at

x=%X’, i.e.,, Cy. Thus, we only need to solve the three linear equations (2.20) for C,

and put this into Eq. (2.5). After much algebra, one obtains for C(x)=C(xx)=C,

1 {(m%+a?] - [n2-a2][ch(L-2x)/ch(L)] + 2emth(L)}
C(x) = — v (2.21)
2 hDtW ([n2+a2])th(L) + 2an)

where n=n1+n5. The final result for the fractional change in resistance is

[Chandrasekhar et al., 1988]

AR Ry &4 [(n2+e?) cth(L) - (£g/L)(n%-a?) + 2an)

R (Th/e2) W n?2 + a2 + 2an cth(L)]

(2.22)

2.3.3 _Short Wires: Specific Examples

From the integral in Eq. (2.5), the change in resistance of the wire due to
localisation depends only on the average value of C(x) over the sample. We can gain
some insight into the effect of the measurement probes on weak localisation by
examining the behaviour of C(x) as a function of x in the wire. Figure 2.5 shows a
. plot of C(x) from Eq. (2.21) in units of (1/24Dt) as a function of (x/L) for a number

of different values of L/€g. For L>>24, C(x) is essentially the long wire value 1/a
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Figure 2.5. Plot of C(x) (Eq. (2.21)) in units of (1/24Dt) as a function of (x/L) for
different values of L/2¢. n=0.5 and @=0.05 for all curves. Dotted line is the value of

C(x) for a long wire.
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through most of the wire. The probes only affect C(x) at distances 2¢ into the long
wire, a small fraction of its total length. For shorter wires, where 2¢~L, the
amplitude of C(x) is reduced throughout the length of the wire, because each point in
the wire is no more than 2¢ away from one of the probes.

The curves m Fig. 2.5 are all for 7=0.5 and @=0.05. The parameter 7 is a
measure of the "leakage" of the Cooperon into the probes, and a specific value of n
corresponds to a specific configuration of the measurement probes. For n=0, there is
no leakage into the probes, and for n=wo, all the Cooperon "current" which finds its
way into the probes is lost. As 7 increases, the amplitude of C(x) in the wire itself
decreases, reducing the value of AR/R.

To see this graphically, let us take a closer look at three specific measurement
probe configurations with different values of 1. The first configuration is shown in
Fig. 2.6a. This is similar to Fig. 2.4a, with §=%/2. For definitiveness, we shall take
L/2¢=1, ®=0.02, n71=0.23, n5=0.08, so that n=0.31. The second configuration (Fig. 2.6b)
is similar to the first, except that therc are no 1D probes and each 2D probe extends
over a half plane. For this configuration, § =7, so 7;=0.46. Since there are no 1D
probes, 15=0, and the sum 7=0.8. All other parameters remain the same. The last
configuration is shown in Fig. 2.6c. Here, the 2D probes of Fig. 2.4a have been
replaced by 1D probes; the width of these 1D probes is the same as that of the wire,
so that 71=np=a and n=2a=0.04.

Figure 2.7 shows a plot of C(x) as a function of x for all three configurations,
for the parameters given above. As expected, the configuration of Fig. 2.6b results in
the smallest amplitude of C(x), and the standard four-terminal configuration (Fig. 2.6c)

the largest. Qualitatively, the amplitude of C(x) in the wire is inversely proportional
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Figure 2.6. Short wire measurement probe configurations. (a). Four probe
configuration, with two 2D probes and two 1D probes. (b). Quasi two terminal
configuration, with two 2D probes. (c). Standard four terminal configuration, with four
1D probes.
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C(x) (1/2hDt)
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x/L

Figure 2.7. Plot of C(x) vs x/L for short wires with the three different
configurations shown in Fig. 2.6, a=0.02. Small letters (a, b, c) correspond to the
configurations of Fig. 2.6. (a) 7=0.31, (b) 7=0.46, and (c) 7=0.04. L/€g=1 for all
cases.
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to the number (and volume) of the probes attached to it, because diffusion into the
probes reduces the amplitude of C(r,r). The parameter 7 is a measure of this
diffusion.

This relationship between the number of probes and the amplitude of C(x) is best
seen by means of an example. Consider the localisation correction for the
configuration of Fig. 2.6c. Setting n1=17=a in Eq. (2.21), we obtain

1 2¢ [5 - 3[ch(L-2x)/ch(L)] + 4th(L)]

C(x) = — , (2.23)
2 ADtW [5th(L) + 4]

giving for AR/R

AR Rg 2¢ [Scth(L) - 3(2¢/L) + 4]
— = — (2.24)
R (Th/e2)y w [5 + 4cth(L)]

These two equations, in slightly different form, were first derived by Santhanam
[1987] using the network formalism of Doucot and Rammal [1986]. Now consider the
short wire limit (L< <!Z¢) of Eq. (2.24). In this limit, Eq. (2.24) reduces to exactly half
the long wire result, Eq. (2.14). This factor of two reduction can be understood as
follows. The amplitude of C(x) at a point x is determined by the number of paths
within a distance 2¢ into which diffusion can occur. For the long wire, most of the
points in the wire are more than 2¢ away from the probes, and therefore have, in
essence, only two wires into which diffusion can occur. At each point in the short
wire, however, diffusion can occur into the four measurement probes. Effectively, the
value of 7 for the short wire is twice that for the long wire, leading to a factor of
two reduction in AR/R.

Not only does the parameter n determine the magnitude of the weak localisation

correction, it also determines the shape of the weak localisation magnetoresistance
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(MR), defined as

SR

AR AR
= ] , (2.25)

at a particular temperature T. This is because 1 is not a constant, but a function of
the magnetic field H. For different probe configurations, # will have a different
functional dependence on H, which will show up in the MR. This enables one to
distinguish experimentally between the magnetoresistance of wires with different probe
configurations.

To determine n(H), we need to include the magnetic field in our analysis. For
the 1D probes and wire, this means replacing 2¢ by 2¢(H), where 2¢(H) is given by
Eq. (2.11). The parameter 0, in Eqs. (2.21) and (2.22) is now field dependent,
172(H)=Wp/2¢(H). For the 2D probes, the field dependence of the parameter 1y is
given by [Appendix 1]

N1 = -20/[1n(H/4H,) + ¥(1/2 + Hy/H)] , (2.26)

where ¥ is the digamma function, H,=%c/4e2 and H¢=ﬁc/4e2¢2D2.
To see how the probe configuration can actually show up in the MR, let us take,
as a specific example, the configuration of Fig. 2.6b. With §=n, in the limit L~0, Eq.

(2.22) becomes

AR Rg 1 R
— o ———— - = . ————— [¥(1/2 + Hg/H) + Ln(H/GH )] . (2.27)
R (®h/e) n (2721 /e2) “ °

This is identical to the weak localisation MR of a 2D film. Even though we are
measuring a 1D wire, the MR is characteristic of the 2D pads. Note that in this
formula, there is no reference to the parameters of the wire itself, only to the probes

through the parameter 7. For a wire with only 1D probes, (AR/R)u(l/r))=[2¢(H)/2Wp],
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giving the long wire result Eq. (2.14), but with the 2¢(H) and Wp of the probes.
Thus the nature of the probes can be seen directly in the MR of the short wire.

2D probes have the most visible effect on the MR of a short wire: Because of
the large value of 7, the magnitude of the MR is greatly reduced, and the
characteristic magnetic field dependence of the 2D probes contrasts with the MR
signature of the 1D wire. 1D probes also affect the magnitude and the shape of the
MR, but the effects are more subtle. First, the reduction in the amplitude of the MR
is not as great as for the 2D probes. Second, as the signature of the probes is now
also 1D, it is not as easy to see the effects of the probes in the shape of the MR.
The effect of the probes on the shape of the MR is greatest when they are of a
different width than the 1D wire, since then, from Eq. (2.11), 2¢(H) is different for
the probes and the 1D wire. Nonetheless, ignoring the effects of even narrow 1D
probes can lead to errors in the quantitative analysis of the MR data of short wires.

The presence of measurement probes also affect other quantum interference
effects. Santhanam [1988], using the network formalism of Doucot and Rammal, has
calculated numerically the effect of narrow 1D probes on the AAS Aharonov-Bohm
effect, and finds that the presence of the probes reduces the amplitude of the hc/2e
MR oscillations. In the next section, we shall find that the presence of measurement

probes has a similar effect on conductance fluctuations.

2.4 Conductance Fluctuations

2.4.1 Conductance Fluctuations in 1D Systems

The weak localisation MR of a mesoscopic sample is frequently swamped by a

much larger contribution to the MR which, unlike weak localisation, has no particular
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functionai dependence on the magnetic fieid, and is present even at very high
magnetic fields [Umbach et al, 1984]. Although this contribution is random in
magnetic field and thus appears like noise, it is found to be quite reproducible. Such
reproducible random fluctuations are also found as a function of other system
parameters; for exémple, as a function of the gate voltage in a silicon metal oxide
semiconductor field effect transistor (MOSFET). In terms of the conductance, these
random fluctuations are characterised by an rms amplitude of order e€2/h, and their
origin lies in the phase coherent scattering of electrons from the random arrangement
of impurities in the mesoscopic sample.

The classical conductivity and the weak localisation correction calculated above
are averages over an ensemble of many samples with different impurity configurations.
The conductivity of any one sample will actually be a random function of a number of
parameters, and will most probably deviate from the impurity-averaged properties
calculated above. A measure of this deviation is given by the variance [Altshuler,
1985]

§02 = <02> . <g>2 (2.28)

where the brackets denote averaging with respect to the impurity configuration. This
quantity is given by diagrams in which two conductivity loops are connected by
impurity lines. Some of these diagrams are shown in Fig. 2.8.

Experimentally, one does not perform the average in Eq. (2.28) over an ensemble
of samples with different impurity configurations, but over some external parameter in
a single sample. Typically, this external parameter is the magnetic field. According
to the so called ergodic hypothesis [Lee and Stone, 1985], averaging over a large

magnetic field range is equivalent to averaging over impurity configurations. Since
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the presence of a magnetic field affects the phase of an electron, changing the
magnetic field by a sufficiently large amount randomises the phases of the interfering
electrons. Changing the impurity configuration has the same effect. The amount the
magnetic field must change to sufficiently randomise the phase is given roughly by
Hc~§>0/2¢2 for a 2D film and Hc~%,/Wg for a 1D wire of width W. & is the
normal flux quantum hc/e. A more rigorous proof of the validity of this hypothesis
has been presented by Altshuler et al. [1986].

For statistical analyses, it is more useful to calculate the correlation function

F(H,AH) = <G(H)G(H+AH)> - <G(H)>Z, (2.29)

where G is the conductance of the sample [Lee and Stone, 1985]. In terms of
Feynman diagrams, the quantity G(H)G(H+AH) is represented by two conductivity
loops, one at magnetic field H and the other at H+AH, and the average over impurity
configurations is accomplished by connecting the loops by impurity lines [Altshuler,
1985; Lee and Stone, 1985]. Examples of such diagrams are shown in Fig. 2.8. In
connecting the two loops by impurity lines, two distinct classes of diagrams are
formed. In diagrams of the first class, an example of which is shown in Fig. 2.8a, a
particle propagator of one loop is connected by impurity lines to a hole propagator of
the other. The sum of all such graphs of the type in Fig. 2.8a is given by Fig. 2.8b,
where the "Diffuson” D(q,0) is given by the series in Fig 2.8c. D(q,w), also called the
particle-hole propagator, is independent of the absolute value H of the magnetic field
but is a function of the field difference AH. Because of this, the conductance
fluctuations are not suppressed even at high magnetic fields. The Diffuson obeys a
diffusion equation similar to Eq. (2.6) for the Cooperon, except that the vector

potential 2A in Eq. (2.6) is replaced by vector potential difference AA [Lee and Stone,
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1985; Altshuler and Khmelnitskii, 1985].

The second class of diagrams is identical to the first, except that a particle
propagator of one loop is connected to a particle propagator of the other (Fig. 2.8d).
The contribution of all such graphs in the second class, which are equal in number to
those in the first class, is determined by the particle-particle propagator or Cooperon,
which is dependent both on the field difference AH and the absolute field H. The
contribution of the particle-particle graphs, which is equal to the contribution of the
particle-hole graphs at zero magnetic field, is suppressed at high magnetic fields.

To calculate the conductance fluctuations in a 1D wire of length L, the diffusion
equation must first be solved in the wire, subject, as in the case of weak localisation,
to appropriate boundary conditions. In the original calculations by Altshuler and
Khmelnitskii (AK) [Altshuler, 1985; Altshuler and Khmelnitskii, 1985] and Lee et al.
[Lee and Stone, 1985; Lee et al., 1986], the boundary condition applied was D(r,r’) (or
C(r,r))=0 at the ends of the wire. The details of the calculation of the diagrams can
be found in the review paper by Lee, Stone and Fukuyama (LSF) [1986], whose
notation we shall use in the following discussion. At T=0, their result for a one
dimensional wire for H=0 and AH=0 is

rms(G) = [F(0,0)]11/2 ~ 0.729 (e2/h), (2.30)

so that, in terms of the reduced conductance g=G/(e2/h), the amplitude of the
fluctuations is of order unity. In large magnetic fields, contributions from diagrams
which contain a particle-particle propagator (as in Fig. 2.8d) are suppressed, and the
value of F is reduced by a factor of two.

Consider now what happens at T>0. As the temperature is increased, 2¢, which

is temperature dependent in the absence of magnetic scattering, eventually becomes
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shorter than the wire length L. The 1D wire now consists of a number N=L/ 2¢ of
mutually incoherent regions, each of length 2¢. Within each region, the amplitude of
the fluctuations is rms[g(2¢)], but fluctuations in different regions are not correlated.
Since R, the total resistance of the wire, is the sum of the resistances of each
region, the total resistance fluctuation AR is given by the classical relation
(AR)2=2(ARi)(ARj)=N(ARi)2, where AR;=rms[G({g)]R;? is the resistance fluctuation in

the ith region. Then, since AG=(AR)/R?, we obtain [Lee et al., 1986].

3/2
rms(g) = [g'{] mms(g(€g)]. (2.31)

Thus, the introduction of phase breaking reduces the amplitude of the fluctuations.
This result can also be obtained by direct evaluation of the diagrams with finite £g.
At finite temperature, there is another process which reduces the amplitude of
the fluctuations. To obtain a physical understanding of this mechanism, we must go
back to the interference picture of conductance fluctuations. Consider two electron
waves at two different energies AE which interfere after a time t. The phase
difference between the two electron waves due to the energy difference after this
time is given by AEt/#. For the electrons to remain in phase, AEt/#i<1. Now the
distance an electron diffuses in time t is just given by (Dt)l/ 2 where D is the
diffusion coefficient. If the electrons diffuse more than a distance 2¢, they will
certainly be dephased by some inelastic process such as electron-electron scattering,
so that we do not worry about dephasing due to energy differences on time scales
longer than tc~2¢2/D. For the electrons to diffuse through a distance {g without
" becoming dephased due to the energy difference AE, AE must be smaller than a
critical energy Ec~fz/tc=D/2¢2. At T>0, the electron energies have a spread kgT.

Electrons within an energy band of width E; will be coherent. The number of such
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mutually incoherent bands is N=kgT/E.. The total conductance g(2¢) is the sum of
the conductances g; of each of these bands, so that the conductance fluctuations scale
with N as rms[g(2¢)]=(N)1/ 2 rms(g;), where rms(g;) is the zero temperature value
given by Eq. (230). In terms of the length ¢1=(AD/kgT)!/2, rms[g(2g)]=
(e1/ 2¢)rms(gi). ’fhe conductance fluctuations in a wire of length L then have the

functional dependence [Altshuler and Khmelnitskii, 1985; Lee et al, 1986]

1/2
ros(g) ~ [g{] [gﬂ ’ (2.32)

when L>£4> 1.

At finite AH, F(AH) can be obtained from Eq. (2.32) by putting in the field
dependence of 2¢, which is given by Eq. (2.11) with H replaced by AH/2. F(AH) will
then decay as a function of AH. Defining the field correlation length H; as the value
of AH at which F(H.)=(1/2)F(0), we obtain He=(3/m)%/lgW.

Unlike localisation, where the only temperature dependent length scale is 2¢, the
amplitude of conductance fluctuations is determined by two temperature dependent
length scales, £y and £1. Putting in some typical numbers for a wire of length L=2
pm at T=2 K, €1=0.2 pm, and £y=1 pm, we get rms(g)~0.07. In contrast, the
localisation correction for a short wire, using Eq. (2.24), is of order unity. Thus, it
would appear that the amplitude of the fluctuations is small compared to the
localisation correction. Part of this comparative reduction in the amplitude of the
conductance fluctuations is due to the "energy averaging” factor (¢/L). We shall
also see in the next section that the predicted value of the conductance fluctuations,
Eq. (2.30), is a consequence of the boundary condition chosen for the problem, and
that the conductance fluctuations can be much greater than e2/h for samples in which

L<<{&y when more appropriate boundary conditions are used.
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Conductance fluctuations have one further property that distinguishes them from
weak localisation. The weak localisation corrections we have discussed are all
symmetric in the magnetic field. For conductance fluctuations, however, it is possible
for a current in the x direction to induce fluctuations in a perpendicular direction, so
that the transverse'conductance Exy will also show fluctuations of order e2/h, even in
zero magnetic field [see, for example, Ma and Lee, 1987]. In a conventional four
probe measurement of a mesoscopic sample, some component of gxy may be included
in a measurement of gy The measured magnetoconductance will therefore be
asymmetric with respect to field [Umbach ef al, 1984). The problem of magnetic field
asymmetry has also been treated by Buttiker [1986] in the transmission matrix
approach. He showed that by appropriately switching measurement leads, one can
extract a purely symmetric and a purely antisymmetric component of the MR. This
was demonstrated experimentally by Benoit ef al [1986]. This asymmety is also seen

in the samples studied in this thesis.

2.4.2 Effect of Measurement Probes

Given the prediction that a 1D metal wire should show conductance fluctuations
with the universal amplitude of e2/h, the discovery of conductance fluctuations with
amplitude much greater than e2/h in 1D metal and silicon wires in the regime L<{y
came as a surprise [Benoit et al, 1987; Skocpol et al, 1987]. The anomalously large
conductance fluctuations are now understood to be due to the effect of the
measurement probes.

To understand the prediction of the amplitude of the fluctuations being of order

e2/h, we must go back to the boundary conditions used to derive Eq. (2.30). The
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problem involves solving the diffusion equation for D(r,r’) (or C(r,r)) in the sample
geometry, with appropriate boundary conditions. (We shall use C(r,r’) in the
discussion here.) The amplitude of the conductance fluctuations is then proportional
to fdrdr’IC(r,r’)Iz. (See Appendix II). Now the boundary condition applied in the
original papers by AK and LSF is that C(r,r’)=0 at the ends of the wire. As discussed
in the section on weak localisation, this corresponds to the case n=wo. We saw that
this value of n gave the lowest average C in the wire. A finite value of 7 would give
a larger value of C in the wire, and hence a larger amplitude of the conductance
fluctuations. Physically, the condition = corresponds to an electron in the wire
diffusing into the probes with no chance of returning phase coherently. A finite
value of n corresponds to a finite probability that the electron will return to the wire
phase coherently, and thus contribute to the conductance fluctuations.

Our qualitative analysis of the effect of different measurement probe
configurations on weak localisation can be directly extended to discuss conductance
fluctuations. Consider first the case 7=0, which corresponds to a wire with no
measurement probes. Since the value of C is the largest in this configuration, the
amplitude of the conductance fluctuations will also be the largest. Adding probes will
increase the value of 7, and thus reduce the amplitude of the conductance
fluctuations. For example, we should expect that of the three measurement
configurations shown in Fig. 2.6, Fig. 2.6c should have the largest amplitude of
conductance fluctations and Fig. 2.6b the smallest. We should also expect that the
width of the 1D probes in Fig. 2.6c should affect the amplitude of the conductance
fluctuations, since the width affects the parameter . As we found for the case of

weak localisation, the specific measurement probe configuration should become
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irrelevant when L>>£g.

A more quantitative calculation of the correlation function F involves evaluating
fdrdr’lC(r,r’)lZ, where the integral over r is a line integral over the path from one
voltage probe to the other voltage probe, and the integral over P is an integral over
the path from one current probe to the other current probe. The complete integral
can be separated into two contributions [DiVincenzo and Kane, 1988; Hershfield and
Ambegaokar, 1988). The first contribution is an integral over that part of the sample
common to both the current and voltage paths, and was shown by the authors above
to be equal to Fy,=Fg-F,, where Fg is the component of the correlation function
which refers to the fluctuations symmetric in the magnetic field, and F, the
component which refers to fluctuations antisymmetric in the field. The second
contribution is an integral over the measurement probes, and is equal to F, alone.

The correlation function has been calculated by a number of authors for wires
with 1D probes [Maekawa et al, 1987; Kane et al, 1988; DiVincenzo and Kane, 1988;
Hershfield and Ambegaokar, 1988], but not for wires with 2D probes. We calculate
here the correlation functions for wires with 2D probes and wires with 1D probes.
Due to the complexity of the calculation, we shall only evaluate the integral over the
region of the sample common to both the current and voltage paths. Thus, what we
obtain is only the component Fg,=F¢-F, of the correlation function. Furthermore, the
calculation does not include the effects of energy averaging, and we neglect the
diagrams with two Cooperons, so that our result is valid only in large magnetic fields
where the Cooperon contribution is suppressed. Finally, since the integrals over r
and r are difficult to calculate analytically, we evaluate them numerically.

Figure 2.9 shows Fg, for two short wires with different probe configurations,
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Figure 2.9. Conductance fluctuation correlation function Fsa for wires with different
probe configurations. @=0.05 for all wires. Circles, short wire with four narrow
probes n=0.1; triangles, short wire with two 2D probes, 1=0.5; squares, short wire with
n=108 (~w), corresponding to the boundary condition C(r,r’)=0 at the ends of the wire.
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Figure 2.10. Fg,(AH) at T=0 for wires with different probe configurations. W=0.05

. pm, L=0.5 pm, and £4(0)=1.0 um, corresponding to @=0.05 at zero field. Curve marked
"1D probes" is for a sﬂort wire with four narrow probes of width W,=0.05 um (Fig.
2.6¢), corresponding to 7=0.1. Curve marked "2D probes" is for a short wire with two
2D probes (Fig. 2.6b) with £4op=4.5 pm and £=15 nm, corresponding to 7=0.49 at zero
field. The correlation field l?i for both wires is also shown.
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one with four narrow measurement probes, and the other with two 2D probes. For
L< 2¢, Fg,(0) for both wires is larger than (ez/h)z, but as we go to smaller values of
L/, Fga(0) for the wire with narrow probes increases much more rapidly than that
for the wire with wide probes, as expected from our discussion in the preceding
paragraphs. For L’> >2¢, Fg,(0) for both wires has the same value. For comparison,
we also show the correlation function for a short wire with 7=w, corresponding to the
boundary condition C(r,r*)=0 at the ends of the wire.

In addition to the amplitude of the conductance fluctuations, we find that, in
analogy to the effects of probes on weak localisation, the measurement probes also
affect the dependence of the the correlation function Fg,(AH) on the the magnetic
field difference AH. Figure 2.10 shows Fg,(AH) for two short wires with different
probe configurations. Fg,(AH) for the wire with four narrow probes has a shape
similar to that calculated by Lee et al. [1986] for a wire with C(r,r’)=0 at the ends.
Fsa(AH) for the short wire with 2D probes, however, is more complicated. At low
fields, Fs,(AH) decreases rapidly with increasing AH. Beyond this, Fg3(AH) falls off
more slowly with AH. The rapid decrease in the correlation function near zero AH is
a signature of the 2D probes of this short wires. Note that the correlation field H,
defined above by Fg,(H)=(1/2)Fg,(0), is different for the two short wires, being much
larger for the short wire with 2D probes, although L, W and 2¢(O) are the same for
both wires. The field dependence of Fg,(AH), and therefore H, are determined by

the probes when L<£g. Thus, the simple estimate of Hc~2/¢W may not be correct
in the mesoscopic size regime,

A note about the validity of the calculation presented above. First, this

calculation, like the caiculations on wires with 1D probes by the other authors
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mentioned above, does not include the effects of energy averaging. Thus, the results
are not strictly valid at finite temperature, where the the effects of energy averaging
are expected to be important. Second, Figs. 2.9 and 2.10 show only the component
Fs,=FgF, of the correlation function. In the experiments on short wires to be
described later, the quantity we measure is Fs+F,, so that, for a quantitative
comparison, one needs to calculate the component F, as well. For a short wire with
1D probes, the calculation has been done by a number of authors [DiVincenzo and
Kane, 1988; Hershfield and Ambegaokar, 1988; Baranger et al, 1988]. They find that
in the limit L< <4, Fg(0) and F,(0) are approximately equal, whereas in the limit
L>2¢, the major contribution to F(0) comes from Fg(0). The calculation of F, for a
short wire with 2D probes is more difficult, and we can only estimate the integrals
involved in the calculation. We find that, in the regime L<£4, the component F, for
the wire with 2D probes is much smaller than the corresponding quantity for the wire
with 1D probes, as is the case for the component Fg,. Thus, we expect the
qualitative differences between the wires with 1D probes and the wires with 2D

probes seen Fig. 2.9 should still be observable when F, is taken into account.

2.4.3 The hc/e_Aharonov-Bohm_Effect

Perhaps the clearest demonstration of the quantum interference nature of
conductance fluctuations is to be found in a single metal loop. If A is the area of
the loop, the correlation function F oscillates as a function of the magnetic flux
difference A$=(AH)A through the loop. For ¢1<£g, F(4%) for a single isolated loop

is given by (Appendix II)

27]2 [L4 3
F(Ad) ~ e Ta 1+ 2 n§1 exp[-(21[na/2¢)] cos (2MnA%/% ) |, (2.33)
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where a is the radius of the loop. This result has also been derived by Aronov and
Sharvin [1987]. Hence the magnetoconductance of a single metal loop should show
oscillations of period $,=hc/e with amplitude ~ (ET/a)(2¢/a)1/ 2 exp(-ma/Lg). £y in
Eq. (2.33) has a magnetic field dependence given by Eq. (2.11) (with H replaced by
AH/2), so the oscillations of F(A%) do not persist to high values of A%, but decay
on a field scale of H.. The amplitude of F(A®) is about two orders of magnitude
larger than the value (e2/h)2. Because of the exponential, the amplitude of the
oscillations is strongly dependent on 2¢. They can only be observed in samples in
which £g~ma. Note that in the limit xa> >2¢, we are left with the result for a wire,
Eq. (2.32).

The calculation in Appendix II is for a single loop with no measurement probes.
We expect that the presence of measurement probes will reduce the amplitude of the
conductance fluctuations. The correlation function for a single loop with leads has
been calculated by Isawa et al. [1986] and DiVincenzo and Kane [1988]. They find
that the presence of leads does indeed reduce the amplitude of the oscillations in the
limit £g>ma.

The hc/e Aharonov-Bohm oscillations are a special case of conductance
fluctuations, and thus all of the characteristics that distinguish conductance
fluctuations are also relevant for the hc/e oscillations. Like conductance fluctuations,
hc/e oscillations persist to very high magnetic fields. In this, they may be contrasted
to the AAS hc/2e oscillations, which are found only at low magnetic fields. The hc/e
oscillations may alsc be asymmetric in the magnctic field [DiVincenzo and Kane, 1988],
whereas the AAS hc/2e oscillations are symmetric. Given our belief that the

underlying physics of both effects is the same, however, one should be able to
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observe both hc/e and AAS hc/2e oscillations in a single loop. As we shall see in the
next section, with the inclusion of spin-orbit scattering and scattering by magnetic
impurities, the relevant phase breaking lengths for the hc/e and the hc/2e Aharonov-
Bohm effects are no longer the same, so that oscillations of both periods may not

always be observable in a single loop.

2.5 Electron Dephasing Mechanisms

In our discussion of quantum interference so far, we have stressed the
importance of {4, the electron phase breaking length, which was introduced
phenomenologically, without justifying its introduction or discussing the processes
which contribute to a finite value of £g. In this section, we will outline some of the
electron scattering mechanisms which contribute to the electron phase breaking rate
'r¢'1, which is related to £4 by T¢'1=2¢2/D. There are a large number of scattering
mechanisms which can contribute to the dephasing rate, but we shall only discuss
those which are important for the samples studied in this work. These include
electron-electron scattering, electron-phonon scattering, spin-orbit scattering, and

scattering by magnetic impurities.

2.5.1 Electron-Electron Scattering

The Coulomb interaction between electrons leads to a finite decay rate for
electrons in a particular energy state. For a metal without any disorder, the inelastic
electron-electron scattering rate can be derived from simple phase space arguments,
and is found to be proportional to T2 [Ziman, 1960]. Quantitatively, 7ee-1 ~ 10°-106

T2 sec-! for most metals. In the presence of impurities, the interaction between
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electrons is modified due to the diffusive motion of the electrons. The diffusive
motion increases the interaction time between electrons, increasing the scattering
rate, which now goes as Tee'1~'1d/ 2, The dimension d of the interaction is
determined by the thermal diffusion length £, in the same way as the dimension of
weak localisation effects is determined by 2¢.

Predictions of 'ree'l for electrons in disordered metals have been made by many
authors. Schmid [1974] and Altshuler and Aronov [1978, 1979] derived the 14/2
dependence using a transport equation approach. Using impurity averaged perturbation

theory, Altshuler and Aronov [1981] obtained the scattering rate

— =, (2.34)
Tee 4 (Mh/e2) 4
for d=2, and for d=1,
1 1 Ry D [kgT]}1/2
—_—_— - |— (2.35)
Tee 2 (Mh/e2) W [24D

Abrahams et al. [1981] obtained a similar result for d=2, but with a logarithmic

temperature dependent factor

—_— - — — In(Ty/T), (2.36)

where kBT1=(kf2)2szK.2 and K=2me2/ﬁ2 is the inverse screening length. Later, Lopes

dos Santos [1983] recalculated "ee-l self consistently and obtained

— = = ———— — 1In(Ty/T) (2.37)

where T5=4T. For Al, T1~9x105 (kpﬂ)2 K. Note that the predictions Egs. (2.36) and
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(2.37) for the quasiparticle scattering rate in 2D are considerably different from Eq.
(2.34). For kel ~50, the logarithmic term in Eq. (2.37) enhances the rate by a factor
of ~20 over the prediction of Eq. (2.34) at T=2 K.

Egs. (2.33)-(2.37) give the decay rate for quasi-particles due to the Coulomb
interaction between them. For quantum interference effects such as weak localisation
and conductance fluctuations, we are interested in ‘r¢'1, the electron phase breaking
rate. In the absence of any other phase breaking mechanisms, how is this rate
related to 7ee1?

‘r¢'1 due to electron-electron interactions can be calculated directly from the
particle-hole and particle-particle ladders by introducing interaction lines in the
ladders in all possible ways. In doing this, we must keep in mind an important
difference between the impurity ladders in diagrams for weak localisation and
conductance fluctuations [Lee et al, 1986]. In the calculation for conductance
fluctuations, the impurity ladders connect conductivity loops that refer to two
different measurements of the conductivity. Only interactions which remain constant
between the two measurements are allowed to connect the two loops. For example,
for the particle-hole ladder (or Diffuson), the diagrams shown in Fig. 2.11a are
allowed, but diagrams in which the interaction lines connect the two propagators (e.g,,
Fig. 2.11b) are not allowed. The same holds true for the particle-particle ladder, or
Cooperon. In the diagrams for weak localisation, however, the two propagators the
ladders connect correspond to the same measurement, and hence diagrams like Fig.
2.11b must also be included. In this case, we need consider only the Cooperon;
diagrams with interactions for the Cooperon are shown in Figs. 2.11c and 2.11d.

We first discuss T¢'1 for weak localisation. Fukuyama and Abrahams (FA) [1983]
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4

Figure 2.11. Impurity ladders with Coulomb interactions. (a),(b). Particle hole
ladder. (c)-(d). Particle particle ladder. The bars denote impurity interactions and
the wavy lines the Coulomb interaction.
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have explicitly calculated the decay rate of the Cooperon in the presence of Coulomb
interactions., In their calculations, contributions from diagrams like Figs. 2.11c are
included, but contributions from diagrams like Fig. 2.11d are ignored as being less
singular. The result they obtain for the decay rate of the Cooperon in 2D is identical
to their quasiparticle rate, Eq. (2.36).

A different approach for calculating the Cooperon decay rate was adopted by
Altshuler, Aronov and Khmelnitskii (AAK) [1982]. Their starting point is the diffusion
equation for the Cooperon, Eq. (2.4), in the presence of random electromagnetic field
fluctuations. These fluctuations arise from the motion of the electrons themselves,
and have a spectrum given by the fluctuation dissipation theorem [Callen and Welton,
1951]. Other electrons are scattered by these fluctuations, giving rise to an effective

electron-electron interaction. Their result for a 2D film is

1 1 Ry kT [(ﬂﬁ/ez)}
—| - a7

— _ = i (2.38)
TN 2 (Mh/e?) & R
and for a 1D wire,
1 Ry kg T 12/3
— - — (/)12 - = Ay 312/3, (2.39)
TN ﬁ/ez ﬁ W

where W is the width of the wire.

Equation (2.38) is different from the prediction of FA, Eq. (2.36). For a typical
Ry of 2 ohms, the temperature independent logarithm in Eq. (2.38) contributes a
factor ~9, while, as we have seen, the logarithm in Eq. (2.36) gives a factor ~20 at
T=2 K, and is divergent as T»0. The discrepancy was resolved by Aronov [1984] and
Eiler [1984]. They pointed out that including a contribution from a process similar in

form to the one in Fig. 2.11d (which was neglected by FA) reduces the rate from Eq.
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(2.38) to Eq. (2.34). Experiments on 2D films and 1D wires [Santhanam et al,, 1987]
have confirmed that ‘rN"1 is the contribution to the weak localisation dephasing rate
from electron-electron interactions, and that £ is the length that determines the
dimensionality of the scattering rate. Thus, the phase decay rate for weak
localisation is not the same as the quasiparticle decay rate.

To determine the dephasing rate for conductance fluctuations, we need to
determine the decay rate of the Cooperon and the Diffuson in the absence of any
interactions connecting the two propagator lines. The decay rate for the Cooperon
under these conditions is the result of FA, Eq. (2.36). The decay rate of the Diffuson
has been calculated by Castellani et al [1986], using the same approximation as FA.
In 2D, they find the quasi-particle rate, Eq. (2.36). In 1D, one might expect that the
dephasing rate for conductance fluctuations should be given by the quasiparticle decay
rate, Eq. (2.35), if only electron-electron interactions are taken into account.
Experimentally, this does not seem to be the case. Eq. (2.35) predicts a rate which,
for our sample parameters, is about three orders of magnitude smaller than that
predicted by Eq. (2.39). This implies that in 1D, the phase coherence length for
conductance fluctuations should be a factor of ~30 larger than the phase coherence
length for weak localisation. This difference is not seen. As shown by Aronov [1984]
and Eiler [1984] for two dimensions, the rate predicted by FA is larger than that
predicted by AAK because they did not consider certain scattering processes which
reduce the rate. The same situation should apply in 1D, so that the appropriate rate
for conductance fluciuations in 1 arger ihan that predicied by Eq. (2.39)

for weak localisation. To date, the calculation in 1D has not been done explicitly.
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2.5.2 Electron-Phonon Scattering

At temperatures higher than a few degrees, the dominant contribution to
electron dephasing comes not from electron-electron interactions, but from the
inelastic scattering of electrons by phonons. The electron phonon scattering rate can
be written in the form [Keck and Schmid, 1976]

2 J g —CE@)

Tep sh(#iw/kgT)
where azF(w) is the Eliashberg function, which contains details of the electron-phonon
interaction. Rammer and Schmid [1986] showed that this is also the dephasing rate
for weak localisation. For a clean metal in the Debye approximation, a2F(w)~w?2,
giving a rate 'rep‘1~T3 for kgT< <fiwp, where wp is the Debye frequency.
Quantitatively, 7ep'1~107 T3 sec'l [Kaplan et al, 1976). More rigorous calculations
taking into account Fermi surface effects give essentially the same results. For
example, for Al, Lawrence and Meador [1978] obtain Tep'1=0.91x107 T3 secl.

The T3 dependence of 'r,_,,p'1 is valid for a clean metal for which qpe> >1, where
qp=4kBT/ hivg is the most probable phonon wavevector, and v the velocity of sound.
In the presence of a large number of impurities, the interaction between electrons and
phonons is modified. While there is general agreement on the T3 dependence of the
rate in clean metals, there is yet no consensus on the temperature dependence in the
dirty limit. Keck and Schmid [1976] obtained 'rep'1~RDT4, while Bergmann [1971] and
Takayama [1973] found Tep'1~RDT2. More recently, Belitz and Das Sarma [1987]
derived a temperature dependence which is not strictly a power law, but mimics T2
for T=4-20 K. For the samples in this thesis, qp'1~50-100 K whereas £~150 Z; S0
that we are nominally in the clean limit.

We have not yet considered the dimensionality of the electron-phonon
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interaction. The dimensionality of the electron-phonon interaction is determined by
the most probable phonon wavelength Ap=21r/qp. In the presence of impurities, the
appropriate length scale is more likely £, since phonons with a wavelength larger than
this are less effective in scattering electrons [Pippard, 1955; Ziman, 1960]. In either
case, for our samples in the temperature range where electron-phonon scattering is
dominant, Ap is smaller than any sample dimension. In addition, the samples are
mounted on a substrate with which there is good thermal contact, so that the
electron-phonon rate is given by the three dimensional result. The total phase
breaking rate for quantum interference effects is then

Tol = Tee ™t + Tep ™l = Tl + 2573, (2.40)

where Tee-l is the dephasing rate due to electron-electron interactions.

2.5.3 Spin-dependent Scattering

One of the remarkable features of electron quantum interference effects has
been their sensitivity to scattering mechanisms which depend on the spin of the
electrons. In this section, we shall first discuss the effect of spin-dependent
scattering of electrons on weak localisation and conductance fluctuations. We shall
then discuss the mechanisms which give rise to spin dependent scattering in our
samples.

Let 74, be the mean time between spin-orbit scattering events and 7 be the
corresponding time for scattering off magnetic impurities. These times are related to
the appropriate diffusion lengths by 2502=DTso and 252=D'rs. In the presence of spin
dependent interactions, the spin-singlet and spin-triplet parts of the Cooperon and the

Diffuson are no longer degenerate [Hikami et al., 1980]. For weak localisation, the
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Cooperon splits into two components {see, for example, Altshuler et al, 1982b],

c = (3/2)cl(ly) - (1/2)c0ly),

where Cl’o(ﬂ¢) satisfies Eq. (2.6) and
072 = 2472 + 20,2, (2.41a)
872 = 8472 + (2/3)8572 + (4/3)85,72. (2.41b)
The fractional resistance change will then have two terms [Santhanam et al, 1984]

@1 - 28w, (2.42)

R _ 3R
R 2 R

where AR/R is given by Eq. (2.27) for a 2D film, and Eq. (2.22) for a 1D wire. When
€5o< <8y, & the sign of the weak localisation correction is changed. Instead of
negative MR, one sees positive MR at low magnetic fields. The samples studied in
this thesis all have moderately strong spin-orbit scattering, and thus show positive
MR at low fields.

For moderate spin-orbit scattering and scattering by paramagnetic impurities, it
is shown in Appendix III that the conductance fluctuation correlation function F(H,2¢)

splits into a singlet part and a triplet part

F(H) = (3/4)F(H,8,) + (1/4)F(H,23), (2.43)
where

0372 = 0472 + 0572, (2.44a)
and

8,72 = 2472 + 0572 + (4/3)25,72. (2.44b)

Note the difference in the coefficients of the terms between Eqs. (2.41) and (2.44).
. In the limit of strong spin orbit scattering, the rms amplitude of the fluctuations is
reduced to half [Lee e al, 1986]. With strong magnetic impurity scattering, the

amplitude of the fluctuations goes to zero. The presence of spin dependent
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scattering changes the temperature dependence of the conductance fluctuations. The
temperature dependence is no longer given by a simple power law, but depends on the

relative values of £4, €5 and £4, and their respective temperature dependences.

Spin-orbit Scattering

The interaction between an electron and the relativistically transformed electric
field of an atom can be written in the form Les, where L is the orbital angular
momentum of the electron and s is the spin angular momentum. If the atom is an
impurity, it is convenient to think of this interaction as causing scattering between
different conduction electron states. The spin-orbit interaction energy can be written
in the form [Landau and Lifshitz, 1977]

Hgo = 1Ugo(RxRf)e04 0,

where k is the unit vector in the direction of the k vector of the incoming electron,
¥ is the unit vector in the direction of the scattered electron, s and s’ are their
respective spin orientations, and 0y is the Pauli spin matrix. The scattering rate in
the first Born approximation is then just

Teo ! = UgoZZ| (Rxk?);]2 , (2.45)

where the sum is over the directions i. This rate is independent of temperature.
Now if the only elastic scattering is due to impurities which also cause the spin orbit
scattering, then we should expect some constant ratio between the elastic scattering
time 7 and the spin orbit scattering time 7, In fact, Abrikosov and Gorkov [1962]

predict

(T/Tgo) ~ 25, (2.46)

where Z is the atomic number of the nucleus. If, on the other hand, the majority of
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the elastic scattering is due to scattering off grain boundaries in the polycrystalline
films, this relationship will not Lold. Santhanam [1985] found that in films similar to
the ones studied in this thesis, 74, was proportional to 7, but the constant of
proportionality was not the one predicted by Abrikosov and Gorkov. For our
purposes, it is sufficient to note that Tgo for similarly prepared films has been found
to be independent of temperature, and the spin-orbit scattering rates we obtain are in
good agreement with previous studies on thin metal films studied by weak localisation

[Santhanam, 1985; Wind, 1987] and superconducting tunnelling [Alexander et al, 1986].

Scattering by Magnetic Impurities

The interaction of a conduction electron with a local moment is described by the
exchange Hamiltonian Hy ~ JS-04y, where J is the exchange integral which we shall
consider a constant independent of temperature, S the spin of the local impurity
moment and Ogy the Pauli spin matrix of the conduction electron. Treating this as a
scattering potential in the first Born approximation, one obtains the scattering rate
[Yosida, 1557; Kondo, 1969]

T¢"1 ~ U 25(5+1). (2.47)

in zero external magnetic field, independent of temperature. This term includes both
events in which the spin of the conduction electron is flipped, and events in which
the electron is scattered without changing its spin. As we shall see later, only those
events in which the spin of the electron is flipped destroy the phase of the electron.
In the presence of a large external magnetic field H, the spin of the impurity is
frozen, so that only events without spin flip are allowed. In this limit, the spin

scattering rate reduces to '1’5'1~U$2$2 [Kondo, 1969], the contribution of non spin flip
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scattering events alone. At low magnetic fields, the spin scattering rate decreases as
the square of the average magnetisation of the impurity, which is proportional to HZ2
[Kondo, 1969]

7L = U 2S(S+1)[1 - (4/27)(2upH/kpT)?], (2.48)

where pp is the Bohr magneton. The magnetic field dependence of the magnetic
impurity scattering time is not important for weak localisation, because weak
localisation effects are present only at low magnetic fields. Conductance fluctuations,
however, persist to high magnetic fields. If fluctuation effects are suppressed by
scattering off paramagnetic impurities, the application of a magnetic field will reduce
the spin flip scattering rate and increase the amplitude of the conductance
fluctuations.

There is a contribution to 'rs‘1 in the second Born approximation which gives a
logarithmic temperature dependence to the spin scattering rate [Kondo, 1964]. The
contribution to the rate can be as large or larger than the first order contribution
[Heeger, 1969]. We shall use the Hamann-Bloomfield-Nagaoka result for the scattering
rate due to magnetic impurities [Hamann, 1967; Bloomfield and Hamann, 1967]

1 Np In(T/Tg)

1 - . (2.49)
s TMAN(O) [125(S+1) + 1n2(T/Ty)]1/2

T

where N, is the magnetic impurity concentration, N(0) is the electron density of

states at the Fermi energy and Ty ~exp[-1/IN(0)] is the Kondo temperature. The first
term in the brackets is the contribution from non spin-flip events, and the second

from spin-flip scattering events. When T/Tg > >1, we regain the logarithmic
temperature dependence of the Kondo effect [Kondo, 1964]. For T< <Tk, the impurity

spin is compensated and the spin-flip contribution goes to zero. Equation (2.49) is
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found to provide a good description of the experimental data to almost a decade
below Tk [Heeger, 1969].

The first experiments to measure the magnetic scattering rate using weak
localisation found a temperature independent scattering rate [Bergmann, 1982],
consistent with Eq. (2.47). It now appears that these experiments were in the regime
T>>Tg, where the logarithmic variation of 75"1 over the temperature range studied
was small enough for 'rs'1 to appear a constant. More recent investigations infer a
temperature dependent rate consistent with only the spin-flip part of Eq. (2.49)
[Bergmann, 1986, 1987, Bergmann et al, 1987, Van Haesondonck et al, 1987). Thus,
not only do these experiments confirm that magnetic impurity scattering affects weak
localisation, but also that only the spin-flip contribution is important. In
consequence, when we write 'rs'1 in what follows, we shall be referring to only the
spin-flip component.

The field dependence of the magnetic scattering rate is now a little more
complicated. For T>>Tg, we essentially have free spins, so that the rate should
decrease again as H2 [Kondo, 1969]. In the vicinity of Tk, however, the field
dependence is slower; ‘rs'1 decreases as In(H) [Daybell, 1973].

The results on magnetic scattering that we have discussed so far have assumed
that the concentration of impurities is low enough that each impurity spin can be
considered essentially independent. In reality, however, even at the lowest
concentrations, local moments interact with each other via the RKKY interaction
[Ziman, 1964]

Hpgyy - sti-Sjcos(2kFr1j)/r1j3

where S; is the spin on the ith impurity and Tjj is the distance between the ith and
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the jth impurities. The sign of the interaction depends on Tijs which is a random
quantity. At sufficiently high concentrations and sufficiently low temperatures, the
impurity spins are frozen in random directions, and a spin glass phase is formed. The
temperature Tg at which this freezing starts to occur is proportional to the strength
of the RKKY interaction, which goes as rij'3. Since rij'3~Nm, the impurity
concentration, the spin glass temperature Tg~Nm. Now when T<Tg, spin-flip
scattering is suppressed since the impurity spins are frozen, and so if Tg>TK, the
Kondo effect will be not be observed. Since Tk is essentially independent of the
impurity concentration, we require a low concentration of impurities to observe the
Kondo effect. The competition between the spin glass phase and the Kondo effect
has been the subject of recent experimental work [Van Haesendonck et al, 1987).

There is another mechanism by which magnetic impurities can cause dephasing of
electrons, a mechanism which distinguishes between weak localisation and conductance
fluctuations. In the spin glass phase, large random internal magnetic fields are
present in the metal. For weak localisation, the effect of these internal fields is
exactly the same as the effect of a large external field: the weak localisation
correction is suppressed. One does not therefore expect to see weak localisation in a
spin glass. Conductance fluctuations, however, are not suppressed by large magnetic
fields. Since there is little spin-flip scattering in the spin glass phase, conductance
fluctuations will essentially remain unaffected by the magnetic impurities. This
conclusion, of course, neglects the dynamics of the spin glass state. In practice, we
should expect to see some dephasing caused by the relaxation of spins as a function

of temperature and magnetic field.






