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Abstract

Using variable substitution, we present a general method for the numerical solution of stiff, ordinary, linear, homogeneous differential equations
characteristic of colloid particle adsorption/deposition over an energy barrier. For the example of the radial impinging jet system, we demonstrate
the application of this method of calculating the colloid concentration profile and initial particle flux in the presence of repulsive electrostatic
interactions between the particle and adsorption surface. We show that our method works well in systems with energy barriers up to the order
of hundreds of kT, at which point the adsorption flux vanishes. The numerical results obtained with our method are in good agreement with the
known limiting analytical approximations for the particle flux through an energy barrier and for a low Péclet number. The developed numerical
code is very stable over a wide range of physical parameters, and its accuracy for the most challenging parameter sets is on the order of 1074, To
achieve this stability, we have derived and employed a single formula for the van der Waals dispersion interaction, working at both a small and a
large separation distance. We show that this formula converges to the known available analytical expressions for dispersion forces in the limit of
small and large separation distance. We also demonstrate that the maximum deviations between our formula and the other equations appear in the
intermediate range of the separation distance and do not exceed 10%.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction Because of the great significance of the particle—interface in-
teractions, numerous attempts have been undertaken to quantify

Interactions between colloidal particles in electrolyte solu- these interactions, including the pioneering work of Derjaguin

tions and at boundary surfaces, often called collectors, deter-
mine the rates of important dynamic phenomena occurring in
disperse systems, such as adsorption, deposition (irreversible
adsorption), and adhesion [1,2]. A quantitative description of
these phenomena has important implications for polymer and
colloid science, nanotechnology, biophysics, medicine, and soil
chemistry, as well as for many modern technologies involving
various separation procedures, such as water and wastewater
filtration, membrane filtration, flotation, protein and cell sepa-
ration, and immobilization of enzymes [3,4].
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and Landau [5] and Verwey and Overbeek [6], known as the
DLVO theory. The foundation of this theory was the postulate
of additivity of the dispersion and electrostatic double-layer in-
teractions. The latter were calculated as pair interactions in an
infinite electrolyte reservoir using the Poisson equation, with
the ion density distribution characterized in terms of the Boltz-
mann statistics. In this respect, the DLVO theory can be seen as
one of many applications of the Gouy—Chapman-Stern [7-9]
electric double-layer model. In spite of its simplicity, this model
and the DLVO theory have been generally accepted in the sci-
entific community as a reasonable approximation of real ex-
perimental systems at low electrolyte and colloid concentra-
tions.
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Once the particle-interface energy profile is known, parti-
cle transport can be calculated if the hydrodynamics of the
system is not very complicated. Specifically, the colloid con-
centration and the initial adsorption flux can be found by nu-
merical integration of the continuity equation, also known as
the convection—diffusion equation. For a simple geometry of the
collector and barrierless adsorption, this equation can be solved
using standard numerical techniques [1,10-14]. Under certain
simplifying assumptions, approximate analytical solutions are
also possible [1,2,15].

This is not the case, however, if the energy profile has an
energy barrier and a secondary minimum (SM). Because of the
extremely rapidly changing surface forces in the thin boundary
layer of the electrolyte, as well as because of the coupling of
the particle transport through this thin electrolyte layer with the
transport from the bulk, a numerical solution of the convection—
diffusion equation becomes a difficult task, which requires the
use of sophisticated numerical techniques. Only limited results
have been reported so far in the literature for systems with an
energy barrier and a secondary minimum [16-19].

Therefore, the goal of this article is to develop a general
method for the numerical solution of the convection—diffusion
equation in the presence of a very high energy barrier. We will
limit our considerations to the radial impinging jet (R1J) system,
also known as the radial stagnation point flow (RSPF) system.
The numerical method, however, can in principle be applied to
other collector systems involving colloid adsorption/deposition
over energy barriers.

2. Theory
2.1. Convection—diffusion equation

Let us consider a dilute suspension of spherical colloid parti-
cles in the vicinity of a solid/liquid interface. The particle trans-
port in this system is governed by the continuity equation [1]

on

ST Vi=0n )

where n is the particle concentration, ¢ is the time, Qy, is the
source term describing, e.g., particle aggregation, and j is the
particle flux vector equal to

j=-D-Vn+Un. 2)

The variables D and U, appearing in Eq. (2), represent the
particle diffusion tensor and the velocity vector, respectively.
The latter can be expressed as

U=Uy+M-F+M; T, 3)

where Uy is the particle velocity due to the hydrodynamic
forces alone, M and M; are the translational and rotational mo-
bility matrices, respectively, and F and T are the direct force
and torque acting on the particle (external and specific). The set
of Egs. (1)—(3) constitutes the so-called convection—diffusion
equation, which can be used for modeling colloid particle ad-
sorption at the interface.

Equation (1) needs to be completed by boundary conditions.
Far from the interface, the particle concentration n reaches its
bulk value ny. At the interface surface, on the other hand, two
different boundary conditions have been applied: (i) the per-
fect sink (PS) boundary condition, which assumes an infinitely
deep primary minimum (PM) of the particle-interface interac-
tion energy at the collector surface, and (ii) the nonpenetration
boundary condition, where a finite depth primary energy min-
imum is assumed. The PS boundary condition, which can be
expressed in the form of the equation n = 0 at the PM, proved
to be a reasonable approximation for calculating the initial ad-
sorption flux in systems with strong particle—collector attraction
forces [18], where adsorption can be considered irreversible. If
the forces are not strong enough, however, or if one is interested
in the kinetics of particle accumulation at the PM, then the sec-
ond, more general boundary condition has to be applied. This
boundary condition can be expressed in the form of the equa-
tion j, = 0 at the PM, where j; is the normal component of the
particle flux vector. In this paper we will consider irreversible
adsorption and the PS boundary condition only.

If no bulk reaction takes place in the system, the source term
Oy, vanishes, and after a very short transition period [18,20], the
initial adsorption flux can be calculated from the steady-state
convection—diffusion equation,

V~[D~Vn—(Uh+M-F)n]=O, 4

where the rotational motion of the particles was neglected.

For a simple geometry of the collector and barrierless ad-
sorption, Eq. (4) can be solved numerically using standard
numerical techniques. Under certain simplifying assumptions,
analytical solutions are also possible. A detailed discussion of
approximate analytical solutions for the convection—diffusion
equation can be found in Refs. [1,2,15]. In the case of the RIJ
system, close to the stagnation point, where the interface is uni-
formly accessible to particle adsorption and the particle transfer
to the interface does not depend on the radial coordinate, Eq. (4)
becomes a one-dimensional ordinary differential equation

d jn
diH 2P F3(H)(H + 1)e(H) =0, 5)

where the normal component of the dimensionless particle flux
equals

sy = p o L9 e m i 4 1)
Jn( )—m——l( ){d—H+[62( Y(H +1)
_(FS(H)“‘Fe)]C(H)}- (6)

Here ¢ = n/ny, is the dimensionless particle concentration;
H = h/a is the dimensionless particle—interface gap width or
separation distance scaled with the particle radius a, where & is
the separation distance; Do, = kT /6 na is the particle diffu-
sion coefficient, where 7 is the dynamic fluid viscosity; and Fj
is the total force acting between the particle and adsorption sur-
face, expressed in kT /a units and calculated from the DLVO
theory as the sum

Fs = Feq1 + Fyaw, @)
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where Feq and Fy,qw are the electric double layer and disper-
sion force contributions. The term F, in Eq. (6) is the net gravity
and buoyancy force given by the expression

4
Fe= 3ﬂa3(pp - e, (8)

where p, and p; are the densities of the particle and solution,
respectively, and g is the acceleration due to the gravity.

The terms Fi, F>, and F3, appearing in Egs. (5) and (6), are
the hydrodynamic correction functions for the spherical particle
mobility next to a flat wall. The latter can be calculated from the
approximate formulae given by Warszynski [21]:

Fl(H) — 19[{2—+4H (93)
19H?2 +26H +4°
PH) =14 — (9b)
(0.828 + H)1.167°
F3(H) _ W%éln(fl)’ H < 0137, (9C)
0.304 H >0.137.

- A+

Last, the term Pe in Eq. (6) is the dimensionless Péclet num-
ber relating the rates of convection and diffusion,
Vna®
Pe:ar(Re,hc/rc)Dm— (10)

b
oo”c2

where r. and A are the capillary radius and the distance be-
tween the capillary outlet and the adsorption surface, respec-
tively, Vim = Q /yrrc2 is the mean linear velocity of the fluid,
where Q is the volume flow, Re = Qp/mr:n is the Reynolds
number relating the inertial and viscous forces, and o is the
flow parameter dependent on the flow intensity and cell geome-
try that can be obtained by the numerical solution of the Navier—
Stokes equation [22,23]. This dependence has been reported by
Warszynski as a function of the Reynolds number for several
values of the ratio h./r. [21]. Based on the data published in
Refs. [21,22], the following fitting functions for the flow para-
meter can be found:

_ 0.0734Re? 4+ 0.8

Re)= ———— T2 p =2, 11
a(Re) = 173sReIS 4 17 /T (i
and

0.0255Re? + 0.28
ar(Re) = + he/re=3. (12)

0.000572Re%3 + 1’

It should be noted that Eq. (7) holds for the boundary condi-
tions

c=0atH=H; and c=1atH — oo, (13)

representing the PS approximation, where H; is the PM sepa-
ration distance. In this model, we can calculate the value of the
dimensionless initial adsorption flux, often referred to as the
Sherwood number Sh, using the equation:

Sh = —j.(H)). (14)
We can rewrite Eq. (5) as

T a2 4 o) =0 (15)

de 81 dH 80 c =V,

where the functions gp and g; are given by

go(H) =Pe(H + 1)[(11 + 1)(@@ n @)

Fi(H)dH dH

+2<F2(H> - F3(H))}

Fi(H)

FS(H)+FedF1 dFs
Fi(HY dH dH)’

dF,

— 2 271
g1(H)=PeFr(H)(H+1) +F1(H) 70

(Fs(H) + F).
(16)

Technically, Eq. (15) is an ordinary, linear, homogeneous differ-
ential equation of the second order that, because of Eqgs. (13),
represents a boundary value problem that can only be solved
numerically. Numerical integration of Eq. (15), however, can be
challenging because of the coupling between the bulk transport
(macroscale) and the transport through the thin boundary layer
(microscale), where the rapidly changing strong surface inter-
actions have to be taken into account. This is especially the case
when an energy barrier and SM exist in the system, which can
result in the variation of the particle concentration by many or-
ders of magnitude over a dimensionless separation distance on
the order of 1072, Differential equations of this kind, known as
stiff differential equations, require a special treatment. In what
follows, we present a general method for the solution of stiff,
ordinary, linear, homogeneous differential equations based on
a variable substitution that allows calculation of the initial ad-
sorption flux for several collector geometries. We will demon-
strate the application of this method with the example of the RIJ
system.

2.2. Variable substitution

The key observation for the application of the variable sub-
stitution method is that both the particle concentration and sep-
aration distance are never negative. Therefore, instead of the
variables ¢ and H, we can use the variables

x1=In(H — Hy) and y; =1In(c), 17
respectively. Thus,
H =exp(x1) + Hy, (18a)

d d
c=exp(y). - =exp(y) —x1>d—)ycll, (18b)
and
e _ (yi — 2x1) yydn (18¢)
= —2x e .
dH? P : dx12 dx; \ dxy
Using Eqgs. (18a)—(18c), we can rewrite Eq. (15) as
dfi
dx + fic)(fix) +b1(x1) +c1(x1) =0, (19)
where the functions f1, b1, and c; are defined by the equations
dyi dInc
= =— 20
fixp) dny ~ dn(H —HD (20)
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by (x1) = g1(H (x1)exp(x)) — 1, (21a)
and
c1(x1) = go(H (x1)) exp(2x1). (21b)

The boundary conditions for Eq. (19) can be found from the
series expansion of the concentration in the limit of H — Hj:

)y ~eti) + 25| -y =25 - m). @)
c ~c —_— — = — — .
VTaH |y, VT aH |y, :
Therefore,
dlnc
li = lim ——
oim S = N —
H—-H d
= lim Lae . (23)
H—H c¢(H) dH
Moreover, we can deduce that
lim bi(x;)=-—1 and Iim c¢(x;)=0. 24)
X]|—>— X1 —>—00
Therefore, from Eq. (19), we get
d
im g, 25)

x1—~>—00 dx|

We can conclude that the logarithmic variable substitution
transforms the stiff, linear, and homogeneous Eq. (15) into a
nonstiff, nonlinear, Riccati-type Eq. (19) that, because of the
boundary conditions (23) and (25), represents a more tractable
initial value problem. The numerical integration of Eq. (19)
yields the function fi(x1), which in turn can be numerically
integrated to give the logarithm of the colloid concentration
as a function of the logarithm of the separation distance from
the PM.

If the height of the energy barrier exceeds 10% kT, the cal-
culated value of the particle flux through the barrier becomes
negligibly small and we can assume a priori that the adsorp-
tion flux vanishes. One can still be interested, however, in
calculating the concentration profile and particle flux for the
separation distance H > H,, where H is the gap width cor-
responding to the maximum of the energy barrier. In this dis-
tance range, the concentration deviates relatively little from
the equilibrium Boltzmann distribution c(H) o« exp(—Es(H)),
where Eg(H) = — folj Fs(H'")d H' is the potential energy of the
particle—interface interaction in k7 units and H’ is a dummy in-
tegration variable. Therefore, it is reasonable to use the variable
substitution

xp=In(H — Hy) and y;= ln(c exp(Es)). (26)
Thus, the following relationships hold:

H =exp(x2) + Hy, c= exp(yz —Eq (H(XQ))), (27a)
de E(H
JH = exp(y2 — x2 — Es(H (x2)))
X [@ + Fy(H(x) eXp(Xz)] 27b)
dx)
and
d*c

= exp(y2 — 2x2 — Eg(H (x2)))

dx% dxs

y d*y, dyy (dy>
dxo

——= — 14+ 2F(H(x2)) eXp(X2))

+ (FSZ(H (x2)) + %) eXp(2xz)}. (27¢)
Substituting Eqs. (27a)—(27¢) into Eq. (15), we get
d
d_Z + f2(x2)(fa(x2) + b2(x2)) + c2(x2) =0, (28)

where the functions f>, b», and ¢, are defined by the equations
dy; _ dIn(cexp(Ey))

flx) = T

x»  dIn(H — Hp)’ 29

ba(x2) = (g1 (H (x2)) + 2Fs(H (x2))) exp(x2) — 1,

and

(30a)

c2(x2) = [go(mxz)) + (g1 (H (x2))

+R(HOD) F(H ) + 51 [expr. GO

The boundary conditions for Eq. (28) can be deduced from

the assumption of vanishing of the particle flux through the

energy barrier. Substituting Eqs. (27a)—-(27¢) into Eq. (6) and

equating the latter to zero, we get, after simple rearrangements,
that in the vicinity of the barrier maximum

fr(x2) = [Fe — PeFa(H(x2)) (exp(x2) + Ha + 1)*]exp(x2).
31)

The value of the first derivative can be calculated from Eq. (28).

Equation (28) is also a nonstiff Riccati-type differential
equation that represents an initial value problem. Because of
the substitution (26), the function f>(x2) changes even slower
than f(x1); therefore, we can easily integrate this equation to
calculate the function f,(x3), and then the concentration profile
and particle flux.

2.3. Limiting analytical solutions

Several limiting analytical expressions have been derived in
the literature for the initial adsorption flux in the case of uni-
formly accessible surfaces. Prieve and Ruckenstein [24] studied
particle transport to a rotating disk and found the limiting ex-
pression for the initial flux of barrierless adsorption when the
convection could be neglected. Following their analysis, we can
derive the adsorption flux for the RIJ system in the limit of
Re — 0 [25],

HspL E(H
Sh:C(HSFBL)|: f exp(Es(H))

—1
dH , 32
Fi(H) :| G2

H,
where Hgpgy is a separation distance corresponding to the edge
of the surface force boundary layer, where both fluid convection

and surface forces vanish, and where the normal component of
the particle flux is constant. In our code we have chosen this
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distance in such a way that Es(HsppL) = —10_3, which is on
the order of the particle size.

In the case of the particle transport through a high energy
barrier the initial adsorption flux can be calculated from the ex-

pression [26]

Sh= (i aFs

2 dH
where the separation distance Hj represents the boundary of
the secondary well at which the surface potential vanishes. If
the SM is shallow, this boundary is rather diffuse and can be
a little hard to define unequivocally. In our code, we assumed
that Hy is equal to the separation distance of the concentration
minimum, which usually appears at a distance larger than H3
(see the results presented in the next section). We have used
Egs. (32) and (33) to validate our numerical code.

172
) Fy(Ha) exp(—Es(Hy))c(Hy), (33)
H=H,

2.4. Electrostatic interaction

The particle—plate electrostatic interaction can be modeled
using different approximations reported in the literature. For a
low surface potential and a thin electrical double layer, one can
use the limiting form of the Hogg—Healy—Fuerstenau (HHF)
formula when one of the particles’ radii tends to infinity [27],

1 4 exp(—kaH)
Eeal(H) = Zke kT {I/fplﬂl m
+ E(wg +¢2) In[1 — exp(—2«aH)] } (34)

where Ecq is the particle—plate electrostatic interaction poten-
tial energy in k7 units, ¢ is the dielectric constant of the solu-
tion, ¥, and v; are the constant surface potentials of the particle
and adsorption surface, respectively, ke is the electrostatic con-
stant dependent on the unit system, equal to one in the CGS
system and to (47 e9)~ ) in the SI system, where & is the dielec-
tric permittivity of vacuum, x = \/ 8 kotkuse2I Na/(ekT) is the
inverse Debye length, where kg is the proportionality constant,
equal to 1073 and 10? in the CGS and SI systems, respectively,
e is the proton charge, I is the electrolyte ionic strength ex-
pressed in mol/dm?, and N, is the Avogadro number.
The electrostatic force can be calculated from the formula

dE
Fear(H) = — d;;ﬂ
_ exa® Yp¥i — (95 + ¥ exp(—aH) 35)
kakT  exp(kaH) —exp(—kaH)

where the force is expressed in k7T /a units.

In real experiments, however, surface potentials can easily
exceed 50 mV, and the parameter xa, representing the thick-
ness of the electric double layer, can be smaller than 10. Under
such conditions, the assumptions of the HHF formula are vio-
lated and another approximation should be used. Therefore, as a
primary method for modeling the electrostatic interaction in our
code, we have exploited the linear superposition approximation
(LSA) described in Ref. [28] with the effective surface poten-
tials calculated according to the method reported by Ohshima

et al. [29]. In this approach, the particle—plate electrostatic in-
teraction energy can be calculated with the limiting form of the
equation for the particle—particle interaction when one of the
particles’ radii tends to infinity,

kT
Ecq(H) = 8ak Y,Yiexp(—kaH), 36)

where Y}, and Y; are the effective constant surface potentials of
the particle and adsorption surface, respectively, given by

8tgh(¥p/4)
i+ \/ 1—

2katl (12
(K’;Z_J’I_)2 tgh (¢p/4)

Y; = dtgh(yi/4), (37

where Y, = Yrpe/kT and ¥ = Yie/kT are the dimensionless

surface potentials. The electrostatic force between the particle

and the adsorption surface in the LSA method is calculated
from

and

dE kT
Al = exa® —— Y, Yiexp(—kaH). (38)

Feal(H) = — TH oy

2.5. Dispersion interaction

A detailed review of the formulae used for calculating van
der Waals interaction can be found in Gregory [30]. Because of
the retardation effect, no single expression has been reported
so far in the literature that would correctly represent the in-
teraction at both short and long separation distances. Schenkel
and Kitchener [31] found a simple empirical formula for two
identical spheres, valid for a short distance H, by interpolation
between the expressions for the retarded and unretarded interac-
tions. A similar formula was quoted by Ho and Higuchi [32] for
the case of two unequal spheres. The particle—plate dispersion
interaction at a short separation distance H can be expressed
by the limiting form of this equation when one of the particles’
radii tends to infinity [30],

A A (39)
6H\A+aH)’

where A is the Hamaker constant; A, = A/a is the character-
istic wavelength of the dispersion interaction scaled with the
particle radius, where A = 100 nm; and a; is a fitting parame-
ter equal to 1.77, 11.116, and 14 in the Schenkel-Kitchener,
Ho-Higuchi, and Gregory equations, respectively. The disper-
sion force at a short particle—plate separation distance can be
expressed as

EsfvdW(H) =

dEs_vqw _ Aly Ar+2a1H
dH ~ 6H2 Oyta H)?
At a large particle—plate separation distance, the Czarnecki
formula [33] offers a very good approximation of the van der
Waals interaction energy,

Fs—vdW(H) =

(40)

2.45); 21722
E- vdW(H)__g T0m PI(H)—WPZ(H)
0.591}
41
+ Sa0m 3 p3(H )} (41)

where the functions p1, p2, and p3 are given by
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1-H 3+ H

pi(H)=—5—+ PRIk
2—H 44+ H

pa(H) = ——+ WIS
3—-H 5+H

p3(H) = —7—+ PRI

The dispersion force at a long particle—plate separation distance
can be expressed as

dE|_vq A [2.45)
Fl_vdw(H)=—TVW:—%[ Lg1(H)
21722 0.5923
- S5t + 7n3fq3(H)], (42)

where the functions ¢q1, g2, and g3 are equal to

1+H 6+ 10H +5H?
H)=8— Hy=2————"" "~
q1(H) et H)p qx(H) o)
8+ 18H + 15H% + 5H?3
H)=2
q3(H) H50 1 HY

In principle, one could directly use Eqgs. (40) and (42) to
calculate the van der Waals force below and above the switch-
ing distance Hs ~ A./m, respectively. The discontinuity of the
force and/or its derivatives at the point Hy could lead, however,
to instability of the numerical code. Therefore, it is better to
modify Eq. (40) or (42) in such a way as to be able to get a sin-
gle formula for the whole range of the separation distance. In
what follows, we present such a modification for the empirical
Eq. (40).

It is easy to notice that in the limit of a very large separation
distance H, the functions g1 (H) > q2(H) > ¢q3(H) and the
dispersion force calculated with Eq. (42) is determined by the
leading term

4A 245\ 1
= qw(H) ~ s anr X 75

On the other hand, Eq. (40) in this limit is determined by the

term

(43)

FX o (H)~ _é L o L
sTvawW 3aiH? ~ HY
Equations (43) and (44) suggest that the origin of the inaccu-
racy of Eq. (40) in the limit of the large separation distance is a
missing term on the order of H . In order to achieve a proper
convergence of the dispersion force with the separation distance
in this limit, we can add a quadratic term into the denominator
of the empirical Eq. (40),

Alp M+ 2a1H
6H2 (A + a1 H +ay H?)?’
where a, is a numerical constant. In the limit of H — oo this

function converges to

A Ay 1
F\(/)(?W(H)Z__ > O(—S,
3a2H5 H

(44)

Fyaw(H) = (45)

(46)

while in the limit of short separation distance the additional
quadratic term becomes insignificant and Eq. (45) reduces to

Eq. (40). The coefficient ay can be calculated from the compar-
ison of Egs. (43) and (46):

a = | T4 (47)
V1.9

The particle—plate dispersion energy can be derived from
Eq. (45),

[ / / AA‘r 1
EvdW(H)=—/dew(H)dH =— g m
3ay (a1 +2a2H
+ A <W + 2a210(H)>}, (48)

where A = 4ax ), — alz, X(H)=MA+aH+ arH?, and the
integral Io(H) depends on the particle size:

H
dH’
IO(H):/

X(H)
o0
2 a+2aH 7
72 arctan /a1 A >0,
2
T a1 F2aH A=0, (49)

TR <O

In our code, we calculated van der Waals forces with
Eq. (45), where the value of a; = 11.12. The coefficient a»
calculated with Eq. (47) was ap; = 4.22. A comparison of the
dispersion forces calculated with the different formulae is pre-
sented in Fig. 1. Note that the results predicted with Eq. (45)
are in very good agreement with the Ho—Higuchi equation at a
short separation distance, as well as with the Czarnecki equa-
tion at a long separation distance.

10°

104 .

100 L

. [kT/a]

Ve

-F

102+

104+

10-() 1 L 1
0.001 0.01 0.1 1 10

H=h/a

Fig. 1. Comparison of the absolute value of the particle—plate dispersion force
calculated with three different formulae: Ho—Higuchi, Eq. (40) witha; = 11.12
(dotted line with circles); Czarnecki, Eq. (42) (dotted line with triangles); and
Eq. (45) (solid line). The interaction force was calculated for a colloid particle
size a = 500 nm and a flat plate, with a Hamaker constant A = 2.4 kT. Note
that the results predicted with Eq. (43) are in very good agreement with the
Ho-Higuchi equation at short separation distances, as well as with the Czar-
necki equation at long separation distances.
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Fig. 2. Relative difference between the dispersion forces calculated with Eqgs.
(45) and (40) or (42). Dotted, dashed, and solid lines represent results obtained
with Eq. (50) for three particle sizes: a = 50, 500, and 5000 nm, respectively.
Note the very good agreement in the limits of short and long separation dis-
tances. The maximum deviations of the difference § appear in the range of the
intermediate distance H and do not exceed 10%.

The relative difference between the dispersion force calcu-
lated with Egs. (45) and (40) or (42) can be quantitatively eval-
uated using the function

8(H), |8s(H)| < |81(H)I,
§1(H), |6s(H)| > [81(H)|,

where §; (H) = Fi—vaw(H)/Fvaw(H) — 1, i = s, [. The numer-
ical results calculated with Eq. (50) for three particle sizes:
a =50, 500, and 5000 nm are presented in Fig. 2. As one can
notice, the function §(H) converges to zero in the limits of the
short and long separation distances. Its maximum deviations ap-
pear in the range of the intermediate distance H and do not
exceed 10%.

S(H) = { (50)

3. Numerical protocols
3.1. Integrating the convection—diffusion equation

Solution of the Riccati equations (19) and (28) is not very
demanding; therefore, one can use a variety of standard nu-
merical procedures. In our code, we exploited the subroutine
DDASSL [34] by Petzold, which is a part of the open source
library SLATEC [35], available on the Internet. This subrou-
tine solves systems of differential algebraic equations using the
backward differentiation formula of order 5. The code advances
the solution between two subsequent points of the grid, using
step sizes that are automatically selected to achieve the de-
sired accuracy. Two of the subroutine’s accuracy parameters,
o and riop, were set to 10713 and 3 x 10714, respectively. All
the derivatives appearing in the program were calculated using
the analytical formulae derived from the equations in the theo-
retical part of this paper.

We tested the code on personal computers in a wide range
of the physical parameters and found it to be very stable. Nu-
merical parameters, such as the number of grid nodes ng, as

Table 1
Physicochemical (upper part) and numerical (lower part) parameters used in
our simulations

Parameter Value
Gravitational acceleration, g 9.81 m /s2
Temperature, T’ 295 K
Particle radius, a 500 nm
Particle density, pp 1.055 g/cm3
Particle surface potential, Wp —19.65, 19.65, 28.80 mV
Interface surface potential, ¥ 20 mV
Primary minimum distance, /1 0.1 nm
Fluid density, p; 1 g/cm3
Dynamic fluid viscosity, n 9.35 mP
Solution dielectric constant, & 78.54
Solution ionic strength, 7 50 mM
Particle number density, ny, 108 / cm’
Capillary radius, rc 1 mm
Geometrical factor, h¢/rc 2

Reynolds number, Re 1072

Flow parameter, oy 0.8

Péclet number, Pe 2.02 x 1070

Bulk diffusion coefficient, Dso 4.62x 1079 cmz/s

Electrostatic screening parameter, ka 370
Hamaker constant, A 10=20y
Lower integration limit, /i, a1+ 10*8)111
Upper integration limit, Amax 5cm
Number of grid nodes, ng 1000
Absolute error tolerance, g 1015
Relative error tolerance, ro| 3x 10714

well as the lower and upper integration limits, can be a lit-
tle dependent on the physical parameters of the modeled sys-
tem and should be chosen empirically to achieve the best ac-
curacy. Generally, however, we found that the optimal value
of the lower integration limit was on the order of xinin ~
In(H1) — 16, which corresponded to the minimum separation
distance Hpin ~ (1 + 10’8)H1. The upper integration limit
and the number of the grid nodes depend on the flow inten-
sity. We found that for the Reynolds number Re ~ 1072, the
upper integration limit should be on the order of x,** ~ 12,
where m = 1, 2, which corresponded to the maximum separa-
tion distance Hmax ~ 10°. Calculations conducted for this value
of the Reynolds number, the parameter ka = 370, and the en-
ergy difference Eg(Hy) — Eg(H3) ~ 36 kT, where Hj3 is the
SM distance, suggested that for such integration limits and for
ng > 103, the relative variation of the adsorption flux with the
growing number of nodes was in the range of 10™#, which we
consider high accuracy. The accuracy increases rapidly with the
Reynolds number, the thickness of the electric double layer, and
the decrease of the energy barrier.

The physicochemical and numerical parameters used in our
simulations are collected in Table 1.

3.2. Calculating the colloid concentration profile and particle
flux at the secondary minimum

Once the integrand of Eqgs. (19) or (28) had been determined,
we calculated the logarithm of the colloid concentration by in-
tegration of the interpolating quadratic polynomials that were
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obtained for subsequent triplets of the grid nodes. The coeffi-
cients of the interpolating polynomials were calculated using
the procedure DGEFS [36] by Voorhees, which is available in
the library SLATEC [35]. Then the separation distance, the con-
centration, and its first derivative were calculated at the grid
points using Egs. (18a)-(18c) or (27a)—(27c). Finally, we cal-
culated the normal component of the particle flux with Eq. (6).

The dimensionless surface concentration of the particles
trapped in the SM can be calculated by integrating the parti-
cle concentration around the SM:

Hy

0 =na3nb/c(H)dH. (51)
Hy

To calculate the integral appearing in Eq. (51) we used the
linear interpolation of the concentration between the grid nodes.
For localizing the energy barrier and SM, we used Ridders’
method, described in Refs. [37,38].

4. Results and discussion

In this section we present the numerical results obtained
for three different systems, without an energy barrier, with a
barrier of height Eg(H,) = 20 kT, and with an SM of depth
Es(H3) ~ —16 kT, as well as for a system with a high en-
ergy barrier on the order of Eq(H;) = 100 kT. To demonstrate
the computational abilities of the code, in all the systems we
chose a low Reynolds number, Re = 0.01, and a large parameter
ka ~370. In all of the systems we used the same physicochem-
ical parameters, listed in Table 1, except the particle surface po-
tential, which was equal to ¥, = —19.65, 19.65, and 28.80 mV,
respectively.

Fig. 3 presents the particle—interface interaction energy, col-
loid concentration, and particle flux as functions of the sepa-
ration distance, calculated for the system with no energy bar-
rier. The concentration profile decreases monotonically with
the separation distance. The linear regime of this profile at the

10° T T T T 30

10°

10°
~
S
10-10
10-15+ 1-10
1020 L L L : L 20
1012 10 10 107 10° 10°
H-H

Fig. 3. Particle—interface interaction energy (dotted line), colloid concentration
(solid line), and normal component of particle flux (dashed line) as functions of
separation distance. At low Reynolds number, the particle flux is constant over a
wide range of the separation distance, in agreement with the assumptions made
in the derivation of Eq. (32).

lowest distance range corresponds to the linear regime of the
integrand f1(x1) & 1, where Eq. (22) holds. Physically, the rec-
tilinear fragment of the concentration profile represents a linear
dependence of the concentration on the distance from the pri-
mary minimum location. The particle flux is constant for a
separation distance H < 10, which results from the low flow
intensity and confirms the validity of the approximate Eq. (32).
Indeed, numerically and analytically calculated values of the
adsorption flux, equal respectively to Sh = 3.795 x 10~* and
3.919 x 1074, differ by just 3%. At a particle—interface separa-
tion distance above 102, where the particle—interface interaction
vanishes and the concentration achieves its bulk value, we can
see that the normal component of the particle flux diminishes
with the gap width. This effect is clearly hydrodynamic and
results from a nonzero radial component of the particle flux be-
tween the capillary outlet and the adsorption surface at the large
separation distance. Below the distance 102, the colloid concen-
tration decreases with the separation distance, which suggests
that diffusion starts to play a role in this distance range. Indeed,
with decreasing particle—wall distance, the convection transport
decreases due to the growing hydrodynamic interaction. Over-
all, however, the normal component of the particle flux stays
constant. This means that, at negligible particle—interface inter-
action, the diffusive particle transport dominates.

Fig. 4 presents more interesting results obtained for the sys-
tem with the energy barrier of height 20 k7. The particle flux
to the PM and SM is constant. The latter is just a result of the
negligible convection. The former is a consequence of the very
small distance between the energy barrier and the PM, as well
as the fact that the barrier is very thin. Therefore, the radial
component of the particle flux at the energy barrier is neg-
ligibly small, and the normal component of the particle flux
through the barrier is constant even for vigorous flows. The
numerically calculated adsorption flux is Sh = 4.368 x 10711,
which is consistent with the approximate analytical result Sh =
5.055 x 107! calculated with Eq. (33). Note that the dimen-

10° 30

100 +
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¢ J,

E [kT]

10—10_

10-15F

1020 L L L L 20
1012 107 10¢ 103 10° 10

H-H,

Fig. 4. Particle—interface interaction energy (dotted line), colloid concentration
(solid line) and normal component of particle flux (dashed line) as functions of
separation distance in the system with an energy barrier of a height of 20 kT'.
The particle flux to the PM and SM is constant because of the negligible con-
vection and small separation distance between the barrier and the adsorption
surface. Note the strong particle accumulation at the SM.
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Fig. 5. Comparison of integrand f}(x1) calculated for two systems, with and
without an energy barrier. The results are depicted by dashed and solid lines, re-
spectively. The function is very smooth in the case of the barrierless deposition
and changes more rapidly when the barrier is present. The changes are still rel-
atively slow, and the function can be numerically integrated using the standard
techniques.
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Fig. 6. Comparison of colloid concentration (solid line) and normal component
of particle flux (dashed line) calculated with different variable substitutions.
Lines and open circles represent the results obtained with Egs. (17) and (26),
respectively. Note that the results are essentially identical. The energy profile
for the system with a barrier of a height of 100 k7 is depicted by the dotted line.

sionless particle concentration changes rapidly by about 20 or-
ders of magnitude over a dimensionless distance on the order
of 10~!, which makes the direct integration of Eq. (15) very
hard. The concentration profile has a high maximum corre-
sponding to the energy SM. The particle surface concentration
at this minimum, calculated with Eq. (51), is 6 =4.64 x 1072,
As discussed in the previous paragraph, the linear regime of the
concentration profile at the lowest distance range corresponds
to the linear regime of the integrand f7(x;) =~ 1, where Eq. (22)
holds. Note that above distances on the order of 10, both the
concentration and the normal component of the particle flux are
similar to those presented in Fig. 3. This similarity suggests that
as long as the secondary minimum is deep enough, the presence
of the energy barrier has little effect on the colloid transport far
from the interface.

100 T T T T T T

80

60 |
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Fig. 7. Comparison of integrands f(x1) (dashed line) and f>(x») (solid line)
calculated in a system with a high energy barrier.

A comparison of the integrands f (x1) for the two systems is
presented in Fig. 5. The function is very smooth for the system
without an energy barrier. The presence of the energy barrier
results in more rapid changes of the function at the value of the
argument corresponding to the distance of the energy barrier
and SM. Even in this system, however, the function changes
relatively slowly and can be integrated using the standard nu-
merical techniques.

In Fig. 6 we present the energy profile, colloid concentration,
and particle flux calculated for the third system with a very high
energy barrier of about 10? kT, where the adsorption flux van-
ishes. The results were obtained using the two different variable
substitutions defined by Eqgs. (17) and (26). As one can notice,
the results are essentially identical. Again, the particle flux to
the SM is constant at a distance H < 10, and a particle accumu-
lation takes place at the SM. The particle surface concentration
at this minimum, calculated with Eq. (51), is 8 = 9.56 x 1074,
This lower value, as compared to the system with the lower en-
ergy barrier, results from the shallower SM.

The integrands themselves have been compared in Fig. 7.
The function f>(x,) varies very little, which confirms the Boltz-
mann distribution of the colloid concentration at the interface.
The variations of the function fj(x;) are much larger, but still
small enough to allow integration of Eq. (28) with standard nu-
merical techniques.

5. Conclusions

We have developed a general method for numerical solu-
tion of stiff ordinary linear homogeneous differential equations,
such as those describing colloid particle adsorption over energy
barriers, by variable substitution. We have demonstrated the ap-
plication of this method to calculating the colloid concentration
profile and initial particle flux in the RIJ system. We have shown
that our method works well in systems with an energy barrier
up to the order of hundreds of k7', at which the adsorption
flux vanishes. The numerical results obtained with our method
are in good agreement with limiting analytical approximations.
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The developed numerical code has been very stable over a wide
range of physical parameters, and its accuracy at the most chal-
lenging parameter sets is of the order of 10~*. To achieve this
stability, we have derived and employed a single formula for the
dispersion interaction, working in the whole separation distance
range H € (0; oo). We have shown that this formula converges
to the known analytical expressions in the limit of small and
large separation distances. We have also demonstrated that the
maximum deviations between our formula and the other equa-
tions appear in the intermediate range of the separation distance
and do not exceed 10%.
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